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ABSTRACT
Context. The form and evolution of the galaxy stellar mass function (GSMF) at high redshifts provide crucial information on star formation history
and mass assembly in the young Universe, close or even prior to the epoch of reionization.
Aims. We used the unique combination of deep optical/near-infrared/mid-infrared imaging provided by HST, Spitzer, and the VLT in the
CANDELS-UDS, GOODS-South, and HUDF fields to determine the GSMF over the redshift range 3.5 ≤ z ≤ 7.5.
Methods. We used the HST WFC3/IR near-infrared imaging from CANDELS and HUDF09, reaching H  27−28.5 over a total area of
369 arcmin2, in combination with associated deep HST ACS optical data, deep Spitzer IRAC imaging from the SEDS programme, and deep Y
and K-band VLT Hawk-I images from the HUGS programme, to select a galaxy sample with high-quality photometric redshifts. These have been
calibrated with more than 150 spectroscopic redshifts in the range 3.5 ≤ z ≤ 7.5, resulting in an overall precision of σz/(1 + z) ∼ 0.037. With
this database we have determined the low-mass end of the high-redshift GSMF with unprecedented precision, reaching down to masses as low
as M∗ ∼ 109 M at z = 4 and ∼6 × 109 M at z = 7.
Results. We find that the GSMF at 3.5 ≤ z ≤ 7.5 depends only slightly on the recipes adopted to measure the stellar masses, namely the photomet-
ric redshifts, the star formation histories, the nebular contribution, or the presence of AGN in the parent sample. The low-mass end of the GSMF
is steeper than has been found at lower redshifts, but appears to be unchanged over the redshift range probed here. Meanwhile the high-mass end
of the GSMF appears to evolve primarily in density, although there is also some evidence of evolution in characteristic mass. Our results are very
diﬀerent from previous mass function estimates based on converting UV galaxy luminosity functions into mass functions via tight mass-to-light
relations. Integrating our evolving GSMF over mass, we find that the growth of stellar mass density is barely consistent with the time-integral of
the star formation rate density over cosmic time at z > 4.
Conclusions. These results confirm the unique synergy of the CANDELS+HUDF, HUGS, and SEDS surveys for the discovery and study of
moderate/low-mass galaxies at high redshifts, and reaﬃrm the importance of space-based infrared selection for the unbiased measurement of the
evolving GSMF in the young Universe.
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1. Introduction
Deep multi-wavelength surveys have rapidly expanded our
knowledge of the young Universe, with the most recent deep
near-infrared imaging pushing back the redshift frontier of pho-
tometrically selected galaxies out to z  7−12 (Dunlop 2013;
Coe et al. 2013; Ellis et al. 2013; Oesch et al. 2013b). Moreover,
the physical properties of high-redshift galaxies, such as their
star formation rates (SFR) and stellar masses, can now be de-
termined with meaningful accuracy up to z  7−8 (Labbé et al.
2010, 2013), thanks to the combined power of deep space-based
(HST, Spitzer) and ground-based (VLT) near-mid infrared imag-
ing (Retzlaﬀ et al. 2010; Fontana et al. 2014; Ashby et al. 2013).
The evolution of star formation activity in galaxies over cos-
mic history, and the physical processes which may drive and
limit such activity, have been the subject of intensive observa-
tional and theoretical study in recent years (for a review see
 Appendices are available in electronic form at
http://www.aanda.org
Madau & Dickinson 2014). The ultimate goal of the latest gen-
eration of galaxy-formation models is to represent, with fully
developed cosmological simulations in the Lambda-cold dark
matter (Λ-CDM) framework, the baryonic assembly of struc-
tures at diﬀerent mass scales in the Universe as a function of
cosmic time. While dark matter evolution is rather simple and
clear, the physics regulating the baryonic processes is complex
to model, and non-trivial to understand: star formation mecha-
nisms, gaseous dissipation, feedback from stars and active galac-
tic nuclei (AGN), turbulence, and the role of mergers, are only
some of the many problems encountered when trying to build
a fully realistic simulation of galaxy formation and evolution
(Springel 2010).
Stellar mass is a physical parameter that provides a useful
and complementary view of galaxy evolution from the mea-
surement of SFR. From an observational perspective, given in-
frared data of suﬃcient quality and depth, stellar mass is a
more straightforward and robust quantity to measure, being
less subject to degenerate uncertainties in age, metallicity, and
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dust extinction. From the theoretical point of view, since stel-
lar mass is a time-integrated quantity, it is less sensitive to the
details of the star formation history (i.e. bursts of star forma-
tion, SF quenching). The detailed measurement of the growth
of the stellar mass content in galaxies thus oﬀers an impor-
tant observational probe of the underlying physical processes
driving and limiting star formation activity throughout cosmic
time. Two statistical descriptions are often used to quantify the
growth/distribution of stellar mass as a function of redshift: the
galaxy stellar mass function (GSMF) and its integral over mass,
namely the stellar mass density (SMD).
Recently, ground-based optical and near-infrared surveys
(e.g. SDSS, UKIDSS, UltraVISTA), have been successfully used
to explore the physical properties of galaxies at low redshift
and to extend such studies out to high-redshift for the high-
mass/high-luminosity tail of the galaxy distribution. For exam-
ple, in the local Universe, Baldry et al. (2012) and Moustakas
et al. (2013) have studied the GSMF down to M ∼ 108 M,
while Ilbert et al. (2013) and Muzzin et al. (2013) have ex-
tended the GSMF studies to z  4, although inevitably limited
to progressively higher stellar masses (M > 1010 M).
While the recent ground-based progress is impressive, it re-
mains the case that the analysis of the low-mass tail of the
GSMF, especially at high redshifts, requires very deep infrared
imaging, which is only really possible with space-based instru-
mentation (i.e. HST and Spitzer). Accordingly, several studies
have used deep HST and Spitzer data to begin to investigate the
GSMF at z ≥ 4 (Stark et al. 2009; Labbé et al. 2010; González
et al. 2011; Caputi et al. 2011; Lee et al. 2012; Duncan et al.
2014) or down to very small masses but at z ≤ 4 (Tomczak et al.
2014).
Despite this important progress, the robust study of the
GSMF at early cosmological epochs has been seriously ham-
pered by a lack of appropriately deep near–mid-infrared imaging
over suﬃciently large areas of sky. Consequently, there remain
many important outstanding questions to be resolved concerning
the assembly history of Universe, as quantified through the form
and evolution of the the GSMF. Examples of current key issues,
where there remains considerable controversy and confusion, are
given below:
– Is the high-mass end of the GSMF evolving at 0 < z < 3?
Both Pérez-González et al. (2008) and Ilbert et al. (2013)
found that the GSMF at M > 1011.7 M did not evolve
strongly from z  2 to z  0.3, while Marchesini et al. (2009)
showed that the SMD of these galaxies evolved by a factor
of ∼50 in the last 10 Gyr.
– Does the low-mass end of the GSMF steepen at high-
redshift? Recent attempts to extend the study of the GSMF
to high redshifts and low masses have produced contrasting
results. For example, Santini et al. (2012a) found a steepen-
ing towards high-redshift, while Ilbert et al. (2013) found no
evidence that the low-mass end of the GSMF was evolving
in shape. Uncertainty over the faint-end slope of the GSMF
is crucial to the next open problem, the measurement of the
growth of SMD.
– Is the integral of the SFRD consistent with the observed
SMD? The time integral of the SFRD, corrected for gas
recycling fraction (i.e. gas lost by aging stars), has been
claimed to exceed the measured SMD (Wilkins et al. 2008;
Reddy & Steidel 2009; Santini et al. 2012a). As shown by
Reddy & Steidel (2009), this apparent conflict could pos-
sibly be resolved by properly matching the integration lim-
its in the UV galaxy luminosity function and in the GSMF.
Subsequently, Santini et al. (2012a) proposed that a steep-
ening of the GSMF with increasing redshift might remove
any discrepancy at 2 < z < 4, but at z < 2 found that the
steepening was insuﬃcient to bridge the apparent gap. More
recently still, Behroozi et al. (2013) pointed out that the pre-
vious estimates of SFR density over cosmic time by Hopkins
& Beacom (2006) may have been overestimated, due to po-
tentially excessive corrections for dust extinction when in-
ferring SFR, but as discussed by Madau & Dickinson (2014),
some tension still remains at z < 2.
– Do colour and photo-z galaxy selection methods provide a
consistent sampling of the GSMF? Reddy & Steidel (2009)
suggested that up to 50% of the total stellar mass in the
redshift range 1.9 < z < 3.4 is in faint galaxies with stellar
masses smaller than ∼1010 M, as compared to 10–20% as
obtained from an extrapolation of the Schechter fit to the ob-
served MF obtained by Marchesini et al. (2009). It is worth
noticing that Reddy & Steidel (2009) converted UV luminos-
ity directly into stellar mass. At higher redshifts, González
et al. (2011) converted the observed UV luminosity function
of Lyman-break galaxies (LBGs) at z > 3 into a GSMF us-
ing similar assumptions on the mass-to-light ratio. Using a
somewhat diﬀerent approach, Lee et al. (2012) derived the
mass function of UV-selected LBGs at z ∼ 4−5, finding a
flatter (α ∼ −1.3) slope with respect to the UV luminos-
ity function of star-forming galaxies at the same redshifts.
Their results do not fully agree with the GSMFs derived from
near- or mid-infrared selected samples (Pérez-González et al.
2008; Marchesini et al. 2009, 2010; Caputi et al. 2011;
Santini et al. 2012a). Recently, Duncan et al. (2014) ad-
dressed the issue of photo-z selection vs. Lyman-break se-
lection, showing that the two methods are almost equivalent,
once the photometric scatter is properly treated.
– Which are the most appropriate stellar libraries to use when
computing the stellar mass in galaxies, especially at high-
redshift? Maraston (2005) and Bruzual (2007; M05, BC07
hereafter) showed that the thermally pulsing asymptotic gi-
ant branch (TP-AGB) phase could have a strong impact on
the stellar mass derivation from infrared light, especially in
the redshift range 0.5 < z < 2.0. This problem has also
been investigated by Henriques et al. (2011) and recently this
topic has been the subject of a number of papers (Tonini et al.
2010; Courteau et al. 2014; Mobasher et al. 2015), indicating
that this is an important issue in the GSMF field.
– What is the impact of AGNs on the high-mass end of the
GSMF? Fontana et al. (2006) excluded all AGNs from their
sample, while Marchesini et al. (2009) included AGNs in
their sample, obtaining slightly diﬀerent results, especially at
the massive tail of the GSMF. Santini et al. (2012a) included
only type 2 AGNs in the ERS field. As shown by Santini
et al. (2012b), both for type-1 and type-2 AGN at z ≤ 2.5,
the stellar mass derived by adopting only stellar libraries
showed no systematic oﬀset from the one coming from a
two-component fit (stars+AGN), but presented a large spread
(RMS of 0.34 dex for type 1 AGN). This has been explained
by the fact that the AGN (especially type 1) is providing ad-
ditional non-stellar light but it is also making the SED bluer
than the pure stellar one. In this case the additional light by
the AGN is compensated by the lower M/L ratio.
– What are the contributions of the nebular lines and
continuum to the SED of high-redshift galaxies and hence
on the derived stellar masses? Recently, several studies have
endeavored to include the contribution of nebular lines and
continuum in the fitting of high-redshift galaxy SEDs. In
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particular, Schaerer & de Barros (2009) showed that the
model fit to the SEDs of z > 3 galaxies can be signifi-
cantly improved by the inclusion of the nebular lines and
continuum, and inclusion of this contribution also helps to
yield more reasonable ages for galaxies at very high red-
shifts. More recently, the importance of including the neb-
ular contribution has been inferred more directly from ob-
servations via analysis of the Spitzer-IRAC photometry of
high-redshift galaxies. Shim et al. (2011) reported a strong
Hα line contribution to the Spitzer IRAC 3.6 μm and 4.5 μm
bands for a small sample of galaxies with spectroscopic red-
shifts at z  4. Further studies (e.g. Stark et al. 2013; Labbé
et al. 2013; Oesch et al. 2013a; Schenker et al. 2013) have
shown that the nebular contribution can also be important
at z > 3−4, when the [OIII] and Hβ lines enter the IRAC
3.6 μm filter. Thus, the inclusion of the nebular contribu-
tion (both lines and continuum) is becoming progressively
more common in the SED fitting of the photometry of high-
redshift galaxies (e.g. Salmon et al. 2014), although how
best to estimate the appropriate level of nebular contribution
remains a matter of debate.
– Are theoretical models able to reproduce the observed
GSMF? A common feature of predictions from Λ-CDM
models has been an over-production of low-mass galaxies,
especially at high redshifts (Wang et al. 2008; Bielby et al.
2012; Bower et al. 2012; Guo et al. 2011). Recently, Lu
et al. (2013) claimed a better agreement of the recent ren-
ditions of SAMs with the observed GSMF at all redshifts
(z = 0−6). However, as pointed out by Ilbert et al. (2013),
the theoretical predictions are still far from reproducing the
GSMF of the old/evolved population and the disagreement
is larger for the higher redshifts. Using simulations, Wilkins
et al. (2013) recently predicted the properties of high-redshift
galaxies, but were unable to fully reproduce the observed
GSMF of González et al. (2011), both for the low-mass
galaxies at z  5 and for the higher-mass galaxies at z  7.
The CANDELS project (Koekemoer et al. 2011; Grogin et al.
2011), with its particular combination of survey volume, depth
and wavelength coverage (0.5–1 μm rest-frame), provides an
ideal data set with which to attempt to resolve some of these
issues. In this paper we use the CANDELS data to investigate
a number of the outstanding issues mentioned above, explor-
ing carefully how stellar mass derivation depends on the recipes
used to derive photometric redshifts, the assumed galaxy star for-
mation histories, the nebular contribution, the AGN content of
galaxy samples, and field-to-field variations in the galaxy sam-
ples. We then derive and present a new robust analysis of the
form and evolution of the GSMF at high-redshift (z ≥ 3.5).
This paper is organized as follows: after introducing the pho-
tometric and spectroscopic data set in Sect. 2, we present the
stellar mass estimates in Sect. 3.1. The derivation of the stel-
lar mass function is discussed in detail in Sects. 3.2, and 4
is devoted to determining the uncertainties on the GSMF esti-
mate. We present our results in Sect. 5, and include an anal-
ysis of the shape of the GSMF, a comparison with recent re-
sults in the literature, a discussion of the mass-to-light ratio of
galaxies at z  4 and an investigation of the inferred phys-
ical properties of massive galaxies at high redshift. Section 6
describes the redshift evolution of the GSMF, while the stellar
mass density and its comparison with the integrated SFRD is dis-
cussed in Sect. 7. Finally, we summarize our results in Sect. 8.
In Appendix A we compare diﬀerent recipes for the calculation
of the GSMF, in Appendix B we describe the correction of the
Eddington bias, and in Appendix C for completeness we pro-
vide the results obtained by neglecting the Eddington bias cor-
rection. Throughout we adopt the Λ-CDM concordance cosmo-
logical model (H0 = 70 km s−1 Mpc−1,ΩM = 0.3 andΩΛ = 0.7).
All magnitudes are in the AB system, and a Salpeter (1955) stel-
lar initial mass function (IMF) is assumed in the derivation of all
galaxy masses.
2. Data
2.1. The photometric data set
The CANDELS survey (Grogin et al. 2011; Koekemoer et al.
2011) is an ideal data set with which to study the stellar
masses of high-redshift galaxies, thanks to its combination of
deep photometry and reasonably wide areal coverage, with
superb image quality obtained with the near-infrared cam-
era on HST, the Wide Field Camera 3 (WFC31). We have
used the first two CANDELS fields, namely the CANDELS-
Wide imaging within the UKIDSS Ultra Deep Survey (UDS)
(covering 200 arcmin2 to a 5σ depth of H160 = 26.7)
and the maximum depth/area CANDELS imaging of the
GOODS-South field (covering 170 arcmin2 to a mean 5σ
depth of H160 = 27.5), combining data from the ERS,
CANDELS-Wide, CANDELS-Deep, and the main pointing of
the HUDF09 programme (5 arcmin2 down to 5σ H160 = 28.5).
This data set does not include the two parallel fields of the
HUDF09 programme, nor the HUDF12 data (Koekemoer et al.
2013). The CANDELS-UDS and GOODS-South+HUDF09
fields with their associated multi-wavelength catalogues are fully
described in Galametz et al. (2013) and Guo et al. (2013),
respectively.
These imaging data, of unprecedented quality and depth,
provide a powerful data set for stellar mass function inves-
tigations, especially at low masses and at high redshifts. In
particular, they include very deep imaging with the IRAC in-
strument aboard the Spitzer Space Telescope from the Spitzer
Extended Deep Survey (SEDS; Ashby et al. 2013), covering
the CANDELS fields to a 3σ depth of 26 AB mag at both 3.6
and 4.5 μm, that are crucial for sampling the rest-frame optical
bands at z > 4.
Another crucial data set that is unique to these two fields
is the deep Hawk-I imaging obtained through the HUGS
(Hawk-I UDS and GOODS Survey) VLT programme (Fontana
et al. 2014). This has delivered deep ground-based Y and K-band
images of a depth well matched to the H-band magnitude
limits of the CANDELS survey, with exposure times ranging
from 12 h over the shallower CANDELS images to about 85 h
of integration in the deepest region of the HUGS/GOODS-South
field (which includes most of the Hubble Ultra Deep Field). In
the deepest area of GOODS-South, the HUGS data reach a 1σ
magnitude limit per square arcsec of 28.0 mag in the K band.
The Y and K-band imaging of the UDS field reaches a 1σ
magnitude limit per square arcsec of 28.3 and 27.3, respec-
tively. The image quality of the HUGS images is extremely
good, with a seeing of 0.37–0.43 arcsec in the K band, and only
slightly poorer in the Y band (0.45–0.50 arcsec). This makes
the HUGS survey the deepest K-band image over a significant
area (>340 arcmin2), the only deeper K-band imaging being the
Super Subaru Deep Field (Minowa et al. 2005), which covers
only a very small area (1 arcmin2) with the aid of adaptive op-
tics. In Fontana et al. (2014) we show that in the HUGS K-band
1 http://www.stsci.edu/hst/wfc3
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Table 1. Area and magnitude limits of the CANDELS GOODS-South, HUDF, and UDS fields.
Field Area H160 Mag. limit H160 Compl. limit Ngal Nhigh−zgal
arcmin2 1σ in 1 arcsec2 90% 3.5 < z < 7.5
GOODS-South #1 11.05 27.00 < H160 < 28.08 26.00 801 44
GOODS-South #2 25.03 28.08 < H160 < 28.32 26.25 2794 132
GOODS-South #3 50.47 28.32 < H160 < 28.83 26.75 7984 495
GOODS-South #4 77.18 28.83 < H160 < 29.40 27.25 15 310 1231
GOODS-South #5 (HUDF) 5.18 29.40 < H160 < 31.00 28.00 1672 132
UDS #1 58.02 26.00 < H160 < 27.90 26.10 5734 311
UDS #2 131.70 27.90 < H160 < 28.20 26.40 18 986 903
UDS #3 10.27 28.20 < H160 < 30.00 26.70 1358 59
TOTAL 368.90 – – 54 639 3307
data we can detect, at 1σ, more than 90% of the H160-band
detected galaxies in CANDELS.
The final HUGS data have already been included in the of-
ficial CANDELS catalogue produced by Galametz et al. (2013),
but in the GOODS-South catalogue produced by Guo et al.
(2013), only a fraction of the deep K-band imaging from HUGS
was included. In this work we use instead the final version of the
HUGS K-band image in the GOODS-South field, analysed with
the same TFIT code for deep blended photometry. This resulting
catalogue is fully described in Fontana et al. (2014).
In addition, we further enhanced the oﬃcial CANDELS
GOODS-South catalogue presented by Guo et al. (2013)
by adding the deep VIMOS B-band imaging in the field
(Sommariva et al. 2014; Nonino et al., in prep.). This imaging
has an eﬀective wavelength of 4310 Å, slightly bluer than the
B435W ACS filter on-board HST (4350 Å). The mean seeing of
the ground-based image is 0.8 arcsec, but the combination of ex-
posure time (28 h) and collecting area of the 8.2 m VLT telescope
yields a magnitude limit of 30.5 mag, (1σ) which is much deeper
than that reached by the HST-ACS B435 imaging (Giavalisco
et al. 2004), which is 29.2 mag (1σ). The B-band VIMOS pho-
tometry has been computed with the TFIT software with the
same technique adopted for the other ground-based bands, as
described by Guo et al. (2013).
Both the deep B and K-band ground-based images in
GOODS-South have been included with the aim of better con-
straining the galaxy SEDs and the stellar masses, but they have
not been used for refining the photometric redshift solutions. For
the latter, we adopt the results presented by Dahlen el al. (2013),
as described further below.
2.2. Photometric catalogue
We have used the oﬃcial CANDELS catalogues in the
GOODS-South and UDS fields, where object selection has been
performed in the H160 band of WFC3. The total number of
sources detected in the CANDELS UDS and GOODS-South
fields are 35 932 and 34 930, respectively.
Because of the complexity of the GOODS-South and UDS
exposure maps in the H160 band, the magnitude limit varies over
the field, such that it is impossible to assign a single complete-
ness limit to the whole survey. To overcome this limitation we
divided the survey in five areas with relatively homogeneous
magnitude limits. To achieve this, we converted the absolute rms
maps associated with the H160 science frames into magnitude
limit maps at 1σ and in a given area of the sky (1 arcsec2). This
value is used as a conventional reference limit to define the vari-
ous regions of diﬀerent depths for each galaxy in the two fields.
For the UDS, details can be found in Fig. 3 of Galametz et al.
(2013), while for GOODS-South the reference plot is Fig. 1 of
Guo et al. (2013).
To associate a proper completeness magnitude with each
area of the survey (defined by a range of magnitude limits at 1σ
in an area of 1 arcsec2), we ran simulations adding artificial
sources (point-like) to the H160 band images and recovered them
using the same SExtractor configuration adopted in Galametz
et al. (2013) and Guo et al. (2013). Then, we computed the
completeness in magnitude and derived, at a given flux limit
(at 1σ in an area of 1 arcsec2), the magnitude at which the com-
pleteness is above 90%. This allows us to simply associate with
each galaxy, given its magnitude limit computed locally, a proper
completeness limit.
We consider here primarily the detection completeness, al-
though there are also systematic eﬀects on the magnitude esti-
mate, especially for fainter objects. If we restrict the analysis
to sources which are 0.5 mag brighter than the completeness
limit, we find that 90% of them are within 0.2 mag of the input
flux value in our simulations. This fraction then goes to 75%
approaching the completeness limit. We have verified that this
limit is comparable with the independent results of Duncan et al.
(2014) for the GOODS-South field. In the following, we will
restrict our analysis to brighter than this value, hereafter called
photometric limit, to distinguish it from the mass completeness
limit that will be discussed later. In any case the cut that will
be applied to ensure a robust completeness in mass, as we dis-
cuss later, is brighter than the photometric completeness limit
due to the detection of objects, described here. Table 1 provides
the depth and the area covered by diﬀerent sub-regions. It also
summarizes the number of galaxies available in each region and
the total number, which is 55 000.
A more general treatment of the completeness would require
repetition of the sample selection, simulating all the photometric
bands, and redoing the analysis with TFIT on the low-resolution
images, verifying the eﬀects on the photometric redshifts and
mass estimation. This is however beyond the scope of this pa-
per, and we refer to Lee et al. (2012) for a demonstration of the
robustness of our photometric approach.
2.3. Spectroscopic and photometric redshifts
The two catalogues (GOODS-South and UDS) were cross-
correlated to existing spectroscopic samples, as described in
Galametz et al. (2013) and Guo et al. (2013). Additional spec-
troscopic redshifts were added to the present sample by a collec-
tion of high-redshift LBGs from Fontana et al. (2010), Vanzella
et al. (2011), Pentericci et al. (2011) and preliminary results of
the ESO Large Programme (PI L. Pentericci) with 140 expected
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hours of FORS2 spectroscopy on 3 CANDELS fields (UDS,
COSMOS, GOODS-South). Currently, we have 31z > 5.5 spec-
troscopic redshifts in the GOODS-South field, a number which
is 3 times larger than the public spectroscopic redshifts currently
available on this field (9 galaxies only). In total, there are 2272
spectroscopic redshifts of good quality in the GOODS-South
field, and 308 in the CANDELS-UDS in the 0 < z < 7 inter-
val. Restricting the sample to 3.5 < z < 7.5, there are in to-
tal 152 galaxies with robust spectroscopic redshifts. As shown
later in Sect. 3, these objects sample the redshift-mass plane with
reasonable completeness up to z  6, and become rare at z > 6.
For sources lacking spectroscopic information, photometric
redshifts were computed by optimally combining six diﬀerent
photometric redshifts, as described in Dahlen el al. (2013). All
these photometric redshifts were computed by fitting the ob-
served spectral energy distribution (SED) of the objects from
the U band to the 8.0 μm band of Spitzer using diﬀerent codes
and synthetic libraries. Using a training sample of 1193 spectro-
scopic redshifts, the optimal photometric redshift solution has
been derived by taking into account small zero-point oﬀsets
and adding extra smoothing errors to the individual probabil-
ity distribution function (PDF) in redshift. Then a unique PDF
as a function of redshift was derived by optimally combining
the 6 individual PDFs using a hierarchical Bayesian approach
as explained in Dahlen el al. (2013). This method signifi-
cantly improves the final accuracy compared to the individ-
ual recipes. The absolute scatter of |Δz|/(1 + zspec) is equal
to 0.03, with only 3.4% of catastrophic outliers (defined as ob-
jects with |Δz|/(1+zspec) > 0.15), when the comparison is made
with the spectroscopic training set, at relatively bright magni-
tudes (H160 ≤ 24). Comparing the spectroscopic redshifts at
3.5 < z < 7.5 with the Bayesian photometric redshifts we find
a scatter of σz/(1 + z) = 0.037 and an outlier fraction of 11 out
of 152 objects (7.2%). The tests with the galaxy pairs show that
the uncertainty increases to about 0.06 at H160  26 (Dahlen
el al. 2013). This method also delivers the redshift probability
distribution PDF(z) for each galaxy, that is then used to esti-
mate the relevant uncertainties in the stellar mass functions, as
explained in the following sections.
In total, there are 2034 galaxies in the GOODS-South field
and 1273 galaxies in UDS with a robust spectroscopic redshift
or, alternatively, with a photometric redshift in the range 3.5 <
z < 7.5. This defines the sample which will be analysed in
this paper with the aim of deriving the GSMF over this red-
shift range. We note that this sample represents a small sub-
sample of the total CANDELS GOODS-South and UDS galaxy
catalogues (7% and 5% respectively).
3. The derivation of the GSMF in the CANDELS
fields
3.1. Stellar masses
We have derived the stellar masses using a spectral-fitting tech-
nique similar to that used in previous studies (Fontana et al.
2004, 2006; Grazian et al. 2006; Maiolino et al. 2008; and
Santini et al. 2012a), and similar to those adopted by other
groups in the literature (e.g. Dickinson et al. 2003; Drory et al.
2004; Ilbert et al. 2013; Muzzin et al. 2013; Tomczak et al.
2014).
More precisely, to derive the stellar mass of each galaxy,
we have fitted the observed SED after fixing the redshift to the
high-quality spectroscopic value, or to the photometric one when
the former is not available or is not robust. The SED fitting
method is based on the χ2 minimization of the diﬀerences be-
tween the observed multi-colour distribution of each object and a
set of templates, computed with standard spectral synthesis mod-
els (Bruzual & Charlot 2003, in our case, hereafter BC03). The
adopted synthetic library broadly encompasses the variety of star
formation histories, metallicities and extinctions displayed by
real galaxies. To facilitate the comparison with previous stud-
ies, we have used the Salpeter IMF, ranging over a set of metal-
licities (from Z = 0.02 Z to Z = 2.5 Z) and dust extinc-
tion (0 < E(B − V) < 1.1), with a Calzetti et al. (2000) or a
Small Magellanic Cloud (Hutchings 1982) extinction curve left
as a free parameter. Diﬀerent star formation histories (SFH) have
been adopted, as described below. In all cases the age is defined
as the time elapsed since the onset of star formation, and at each
redshift this is varied within a fine grid, the only constraint being
that it must be lower than the age of the Universe at that redshift.
As in previous analyses, the derived stellar masses are corrected
for the gas recycling fraction, (i.e. the fraction of baryons that are
returned to the ISM because of stellar winds and SN explosions)
taking into account the recipes of BC03. We thus do not use the
total integral of gas turned into stars, but only the mass which
is actually in the form of stars. For each model in the adopted
library, we have computed the synthetic magnitudes in our filter
set, and found the best-fitting template with a standard χ2 mini-
mization, leaving the normalization of the model magnitudes as
a free parameter.
Within this general framework, we introduce two improve-
ments in the SED-fitting procedure, compared to our previous
papers:
1) We adopt three diﬀerent parametrizations for the star forma-
tion history (SFH):
– Exponentially declining laws (SFH ∝ exp(−t/τ)) with
timescale τ = 0.1, 0.3, 0.6, 1.0, 2.0, 3.0, 5.0, 9.0, 15.0 Gyr
(“τ-models”); we note that, at the redshifts of interest
here, the models with large τ (9,15 Gyr) are in prac-
tice equivalent to models with constant star formation
rate, since the age of the Universe is much smaller than
the τ-folding timescale.
– “Inverted-τ” law (SFH ∝ exp(+t/τ)) with the same range
of timescales as above.
– “Delayed” star formation history (SFH ∝ t2/τ ×
exp(−t/τ)) with τ going from 0.1 to 2.0 Gyr with a step
of 0.1 Gyr. This SFH law rises up to t = 2τ and declines
thereafter.
2) We include the contribution from nebular emission com-
puted following Schaerer & de Barros (2009). Briefly, in
this model nebular emission is linked to the amount of
hydrogen-ionizing photons in the stellar SED (Schaerer &
Vacca 1998) assuming an escape fraction fesc = 0.0 (Case B
recombination). The ionizing radiation is converted into neb-
ular continuum emission considering free-free, free-bound,
and hydrogen two-photon continuum emission, assuming
an electron temperature Te = 10 000 K, an electron den-
sity Ne = 100 cm−3, and a 10% helium numerical abundance
relative to hydrogen. Hydrogen lines from the Lyman to the
Brackett series are included considering Case-B recombi-
nation, while the relative line intensities of He and metals
are taken, as a function of metallicity, from Anders & Fritze
(2003).
The SED-fitting has been performed separately for each of the
analytical SFHs listed above, both including and excluding neb-
ular emission: in the following we will refer to the masses
obtained with exponentially declining models and no emission
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lines as the “reference” masses, for comparisons with previous
studies.
Diﬀerent spectral libraries could be adopted to derive stel-
lar masses for high-redshift galaxies. For example the libraries
provided by Maraston (2005) and Bruzual (2007) both attempt
to take into account, in slightly diﬀerent ways, the contributions
of evolved stars (in particular during the TP-AGB phases), to
the near-infrared emission from galaxies. The main contribu-
tion of TP-AGB stars occurs ∼0.5–2 Gyr after an episode of
star formation (Maraston 2005). Since the age of the Universe
at z = 3.5 is 1.77 Gyr, we cannot neglect a priori the contribution
of these peculiar stars. However, recent estimates (Santini et al.
2012a) of the diﬀerences between the masses derived through
the BC03 and the M05 or BC07 libraries indicate that there are
only small dissimilarities between the results from these stel-
lar evolution codes at z < 4, with the largest diﬀerences found
at z ∼ 2. Considering also that these models are undergoing revi-
sions from their authors, we decided to use only the BC03 library
in this paper.
The derived galaxy masses for the whole
GOODS-South+HUDF field are shown as a function of
redshift in Fig. 1. We also indicate (purple big squares) galaxies
with robust spectroscopic redshifts in the range 3.5 ≤ z ≤ 7.5.
Their positions in the mass vs. redshift diagram show that
they are representative of the overall distribution of galaxies
in this redshift range. In the interval 6.5 ≤ z ≤ 7.5 very few
spectroscopic redshifts are available, and our results rely mainly
on the photometric redshifts.
3.2. The GSMF estimate
To compute the GSMF, we adopt two standard methods de-
scribed in Fontana et al. (2004, 2006), and Santini et al. (2012a).
The first is based on the non-parametric 1/Vmax method by
Schmidt (1968) and Avni & Bahcall (1980). For each redshift
and stellar mass bin, the total volume Vmax is derived taking into
account the magnitude limits in the diﬀerent areas of the sur-
vey, adopting the same technique normally used to compute the
luminosity functions.
The second method is the STY (Sandage et al. 1979) maxi-
mum likelihood analysis assuming a Schechter (1976) paramet-
ric form. For each magnitude range considered, we compute the
likelihood to find the observed galaxies given the survey charac-
teristics, the various sources of incompleteness and the three pa-
rameters describing the Schechter function. We then maximize
the global likelihood for the whole survey and find the best fit
parameters for the mass function.
The major diﬀerence that needs to be introduced in comput-
ing a GSMF, compared to a standard luminosity function, is an
adequate handling of the distribution of M∗/L ratio of the galax-
ies in the sample. At a given mass, some galaxies can be char-
acterized, for example, by very high mass-to-light ratios (due to
large ages or high dust extinction – e.g. Dunlop et al. 2007) and
thus can be much fainter than a more typical blue star-forming
and moderately obscured galaxy. To deal with this, we adopt the
technique, described in Fontana et al. (2004), that allows us to
compute the fraction of objects lost because of their large M∗/L,
by measuring the actual distribution of M∗/L immediately above
the completeness limit in flux, and assuming that this holds at
slightly lower masses/fluxes.
The derived galaxy masses, and the relevant mass complete-
ness limits as a function of redshift are plotted in Fig. 1. This plot
shows the strict completeness limit for H = 26 (dark green line),
but also shows that the minimum mass, at which the GSMF is
Fig. 1. Black dots: all the galaxies in the CANDELS GOODS-South
field; red dots: galaxies in the deepest region (HUDF). The purple big
squares indicate galaxies with robust spectroscopic redshift in the range
3.5 ≤ z ≤ 7.5. The strict completeness mass vs. redshift for a magnitude
limit of H160 = 26.0 (dark green). This curve has been derived from the
maximally old galaxies in our synthetic library, corresponding to a for-
mation redshift zform = 20, an E(B − V) = 0.1, metallicity of 0.2 Z
and a declining SFH with timescale τ = 0.1 Gyr. The light-green curve
shows the completeness-corrected limit corresponding to the shallower
pointings in the GOODS-South and UDS fields (H160 = 26.0), while the
blue curve represents the corresponding limit for our deepest area, the
HUDF field (H160 = 28.0), once the mass limit has been extended taking
into account the suitable correction for the M∗/L distribution. For com-
parison, the magenta curve (dashed) is the completeness limit in mass
in the ERS field derived by Santini et al. (2012a) which corresponds
to K = 25.5.
computed, is in practice lower than this, because it takes into ac-
count the appropriate correction factor for incompleteness. This
limit is shown as a light green curve in Fig. 1 for the shallow-
est areas in GOODS-South and UDS, and by a blue line for the
deepest HUDF pointing. The black dots in Fig. 1 show all the
galaxies in the CANDELS GOODS-South field while the red
dots show those galaxies in the deepest region (HUDF). The
minimum mass above which the GSMF is computed is well
above the lowest mass galaxies detected in our survey, indicat-
ing that this approach of extending the completeness mass is
nonetheless robust. The reader interested in the technical issues
on the calculation of completeness of the GSMF is referred to
Fontana et al. (2004) for all the details.
Based on an extrapolation of the mass-to-light distributions
at slightly brighter luminosities, our survey, in the small but very
deep HUDF field, can detect a galaxy with mass M = 109 M
at z = 4, M = 2 × 109 M at z = 5, M = 3 × 109 M
at z = 6 and M = 6 × 109 M at z = 7. Thus, with the
CANDELS+HUDF survey, we can probe the GSMF at masses
well below the knee of the GSMF at z = 5−6, with an accept-
able precision, even at relatively low stellar masses. We can-
not exclude however the presence of a rare population of very
red dusty galaxies with large masses at high-z. They would be
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characterized by extreme M/L ratios, and consequently be too
faint to be detected by the present CANDELS survey.
4. The uncertainties on the derivation of the GSMF
The uncertainties involved in the computation of the GSMF
are numerous and, unfortunately, diﬃcult to estimate. Many of
them, of course, stem from the uncertainties involved in the eval-
uation of the stellar masses of individual galaxies, and are hence
larger than those involved in the estimate of the luminosity func-
tion. To some extent, they depend on conceptual aspects that
have not been fully quantified yet, such as the uncertainties on
the actual star formation histories of galaxies, or the metallicity
evolution. The impacts of other eﬀects, instead, like the intrinsic
degeneracies of input models, depends on the characteristics of
the observations adopted and need to be estimated carefully for
any data set. We explore in this section such uncertainties, focus-
ing directly on the impact that they have on the estimate of the
GSMF. An analysis of the uncertainties of the stellar masses es-
timated for individual galaxies in CANDELS is presented with
more details in two related papers (Mobasher et al. 2015; Santini
et al. 2014). These papers explore the systematic and random
uncertainties on a galaxy-by-galaxy basis. We anticipate and use
here some of their results, deferring to such papers for a more de-
tailed discussion, to show the eﬀect that such uncertainties have
on the global GSMF.
We divide such uncertainties into two main categories: ran-
dom errors, i.e. those arising from photometric uncertainties,
from the errors on the redshift determination (quantified via the
probability distribution functions of photometric redshifts), and
systematic eﬀects, such as the photometric redshift recipes (e.g.
libraries, obscuration law, IMF), the adoption of various SFHs,
the inclusion of nebular contributions in the SED fitting and
from the field-to-field variation, also known as cosmic variance.
Last, we consider also the eﬀect of the AGN population on the
high-redshift GSMF.
We anticipate here that the diﬀerences in the stellar mass es-
timates using the diﬀerent systematic variants mentioned above
are small (ΔM/M < 0.1 dex), comparable to or lower than the
statistical uncertainties. We have also demonstrated that there are
no strong trend of these systematic eﬀects with either redshift or
stellar mass M, the only notable exception being the contribution
of nebular lines and continuum at z > 4. Masses computed as-
suming strong emission lines are smaller than the fiducial masses
by 0.05–0.20 dex and depend on the redshift intervals where
strong lines enter the near-infared or IRAC filters (see Fig. 8 of
Salmon et al. 2014). All these results will be shown in detail in
Santini et al. (2014) both for the UDS and GOODS-South fields.
4.1. Sources of random errors
We consider here the impact of diﬀerent random eﬀects (pho-
tometric uncertainties and model degeneracies) on the GSMF
estimation.
4.1.1. The impact of photometric uncertainties and model
degeneracies on the stellar mass computation
The derivation of the stellar mass for a galaxy is based on knowl-
edge of its physical parameters (age, dust extinction, metallic-
ity). Since a given SED (even with the small photometric errors
that we have in CANDELS) can be fitted with some combination
Fig. 2. Relative mass uncertainty, ΔM/M, as a function of stellar mass
for diﬀerent redshift bins from z = 4 to z = 7. Black points are for
galaxies in the GOODS-South field, while blue ones are for objects in
the CANDELS UDS region. The mass uncertainty is a strong function
of the mass of the galaxies, and as expected it is significantly poorer at
higher redshifts.
of these parameters, the stellar mass is inevitably uncertain due
to unavoidable degeneracies between them. This eﬀect still ex-
ists even when the spectroscopic redshift is known with high ac-
curacy, and the uncertainties are obviously larger when a galaxy
has only a photometric redshift.
To estimate the impact of these errors on the GSMF, we have
carried out a Monte Carlo simulation, specific to our data set.
For each galaxy with a secure spectroscopic redshift we sim-
ply adopt it, while for any galaxy without a secure spectroscopic
redshift, we extracted a random redshift following the Bayesian
probability distribution function PDF(z) computed as described
in Dahlen el al. (2013). These probability distribution functions
have been derived by combining the PDF(z) computed by six
diﬀerent groups within the CANDELS collaboration. Before the
bayesian combination, all the individual PDFs have been slightly
modified in order to recover the correct number of spectroscopic
redshifts within the errors, as discussed in detail by Dahlen el al.
(2013). We then scan all the models in the BC03 synthetic li-
brary at that redshift z and compute the probability distribution
function of the stellar mass PDF(M|z). Following this distribu-
tion, we eventually extract a mass M(z) which is compliant with
the observed SED of the specific object both in terms of allow-
able input parameters and its CANDELS Bayesian photometric
redshift probability PDF(z). For each object, the same procedure
has been repeated 1000 times, and used to estimate the 1σ un-
certainty on its stellar mass by computing ΔM = (M84 −M16)/2,
where M16 and M84 are the 16th and 84th percentiles of the mass
distribution, respectively.
These values provide us with a clear indication of the level of
accuracy on stellar masses of individual galaxies, and are plot-
ted in Fig. 2 as a function of the stellar mass in diﬀerent redshift
bins from z = 4 to z = 7. At z = 4 and for masses of the order
of 1010 M the typical errors are of the order of 0.4 dex, and
increase, as expected, towards higher redshifts and/or smaller
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masses due to the increased photometric uncertainties and model
degeneracies. We do not find significant diﬀerences between the
ΔM/M computed for the GOODS-South or the UDS field. As we
will show in Appendix B, the uncertainties in mass we have de-
rived are not Gaussian and, especially at high redshifts and low
masses, they are asymmetric, with a trend towards lower masses
in general.
It is important to note that this level of accuracy represents
a distinct improvement over previous surveys. We can make a
direct comparison with our previous data, where we used a com-
parable approach to estimate the uncertainties. For comparison, a
similar accuracy (0.4 dex) was reached at lower redshift (z < 3)
and brighter magnitudes (K ≤ 23.5) in the original GOODS-
MUSIC data set (Fontana et al. 2006), that used shallower
ground-based near-infrared imaging in the J,H,K bands and the
first maps by Spitzer on the GOODS-South field (Grazian et al.
2006). In Santini et al. (2012a), using data from the ERS survey
by HST, we reached a ΔM/M ∼ 0.2−0.3 but only at z ≤ 4.
This Monte Carlo simulation has been used to estimate the
resulting uncertainty in the GSMF. Using the simulations de-
scribed above we have obtained 1000 diﬀerent realizations of
the GSMF, and used them to evaluate the scatter in the number
density of each bin in mass. This source of error will be labelled
MCsim and it will be compared with other systematic errors in
below.
4.2. Systematic errors
We consider here the impact of diﬀerent systematic eﬀects (pho-
tometric redshifts, star formation history, nebular contribution,
cosmic variance, AGN contamination) on the GSMF estima-
tion. For simplicity, we do not mention here the results for in-
dividual galaxies (we refer the reader to Mobasher et al. 2015;
Santini et al. 2014, for full details) but only the eﬀect on the
GSMF. We therefore compute diﬀerent GSMFs with the various
assumptions, and present the scatter measured directly on their
values.
4.2.1. Photometric redshifts
We re-emphasize that the photometric redshifts available for our
catalogues have been produced with a Bayesian average of six
diﬀerent photometric-redshift solutions obtained with diﬀerent
codes and techniques. The availability of completely indepen-
dent photometric redshift solutions gives us a unique opportu-
nity to verify how diﬀerent recipes for photo-z yield systematic
diﬀerences in the final estimate of the GSMF. We note that this
eﬀect is diﬀerent from what we have presented in the previous
section, where we have included the eﬀect of the uncertainty in
the redshift as estimated internally to a given technique (in this
case our Bayesian average). The analysis that we describe here is
useful for estimating the extent to which the existing diﬀerences
between published determinations of the GSMF can be ascribed
to a scatter induced by the various photo-z techniques.
To achieve this, we have computed the GSMF with the in-
dividual recipes for photometric redshift used to assemble the
average photo-z used here (Dahlen el al. 2013). To simplify
the comparison, we have estimated stellar masses simply using
BC03 models with no emission lines and standard exponentially
declining histories as a baseline. The results are shown in Fig. 3
(top-left) for the redshift range 3.5 < z < 4.5; the GSMFs for the
other redshift intervals are shown in the Appendix A.
Comparing the individual mass functions, it is possible to no-
tice systematic diﬀerences, which at low redshift (3.5 < z < 4.5)
and at intermediate stellar masses (M ∼ 1010 M) are compara-
ble to or slightly larger than the Poissonian errors (represented
by the error bars in the plot). The scatter between individual
GSMFs is enhanced at the high-mass end, where the photo-z
leakage of even a few galaxies into the highest redshift bins may
cause a significant increase in the estimated number density. The
Bayesian photo-z are less subject to this redshift leakage by con-
struction. In addition, the large scatter between diﬀerent pho-
tometric redshift realizations in the exponential tail can be due
also to the low number statistics, since at the massive end only a
few galaxies contribute to the GSMF. Galaxies with high stellar
masses, indeed, could be highly obscured by dust or character-
ized by an old stellar population, and in this case the UV optical
magnitudes are expected to be faint, with a consequent relatively
low accuracy of the photometric redshift solutions.
The low-mass-end slope of the GSMF, instead, is less sen-
sitive to the photo-z recipes adopted, and all the diﬀerent pho-
tometric redshift methods confirm that the GSMF is apparently
steepening from z = 4 to z = 7, as shown in Fig. A.1.
4.2.2. Star formation histories
We have investigated also the eﬀect of diﬀerent parametrizations
of the Star Formation History (SFH) on the mass function anal-
ysis. As described in Sect. 3.1, we have considered separately
the classical exponential declining model, the exponentially in-
creasing SFH (Maraston et al. 2010; Pforr et al. 2012) and the
“delayed” SFH that increases at early ages and then shows a de-
clining phase at later epochs. The eﬀect of all these star forma-
tion histories on the GSMF has been tested without the nebular
contribution at this stage.
Figure 3 (top-right) shows the diﬀerent mass function esti-
mates assuming diﬀerent star formation histories at 3.5 < z <
4.5. A similar plot for the other redshift range is shown in the
Appendix A. Small diﬀerences can be noticed at the massive tail
of the distribution (M ≥ M∗), while the slope of the low-mass
end of the GSMF is stable against the adoption of diﬀerent SFHs.
This is consistent with the results of Mobasher et al. (2015) and
Santini et al. (2014), where it is shown that the stellar mass pa-
rameter is practically insensitive to the choice of the adopted
SFHs, due to degeneracies with both age and dust extinction.
We thus confirm that the choice of the SFH does not strongly
influence the form of the inferred GSMF at high redshift.
4.2.3. The impact of nebular lines and nebular continuum
We have considered also the impact of nebular emission (both
lines and continuum) on the stellar mass and GSMF derivation.
To explore this we have adopted here the approach taken by
Schaerer & de Barros (2009), followed also by Duncan et al.
(2014). This involves deriving the production rate of ionizing
photons by integrating the intrinsic BC03 template at λ < 912 Å
rest frame, and then converting ionizing flux into both nebular
lines and continuum. These models assume a constant tempera-
ture and electron density, which is probably a somewhat rough
approximation, but nonetheless gives realistic results, as shown
in Castellano et al. (2014) for a sample of galaxies at z = 3−4
(taken mainly from the AMAZE sample of Maiolino et al. 2008;
and Troncoso et al. 2014).
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Fig. 3. Top left: comparison of the GSMF obtained with diﬀerent photometric redshift recipes. The stellar mass function of galaxies at 3.5 ≤
z ≤ 4.5 in the CANDELS GOODS-South and UDS fields derived using the Bayesian photometric redshifts is shown by the black triangles (non
parametric 1/Vmax) and the solid continuous curve (parametric STY maximum likelihood). The error bars show the Poissonian uncertainties of
each point. The red triangles, green stars, cyan triangles, magenta and pink asterisks show the GSMFs obtained using the individual photometric
redshifts of diﬀerent realizations that have been used to derive the Bayesian photo-z described in Dahlen el al. (2013). Top right: comparison of the
GSMF obtained with diﬀerent star formation histories. The stellar mass function of galaxies at 3.5 ≤ z ≤ 4.5 in the CANDELS GOODS-South and
UDS fields assuming BC03 exponentially declining SFHs is shown by the black triangles and the solid continuous curve. The red squares and the
blue stars show the GSMFs derived using exponentially increasing and a delayed SFH, respectively. All these star formation histories have been
tested without the nebular contribution. Bottom left: comparison of the GSMF with and without a nebular contribution. The stellar mass function of
galaxies at 3.5 ≤ z ≤ 4.5 in the CANDELS GOODS-South and UDS fields with BC03 exponentially declining SFHs and no nebular contribution
is shown by the black triangles and the solid continuous curve. The blue asterisks show the GSMF derived using BC03 and exponentially declining
SFHs but this time including allowance for the contribution of nebular lines and nebular continuum (NEB label). Bottom right: comparison of the
GSMF in individual fields. The stellar mass function derived for galaxies at 3.5 ≤ z ≤ 4.5 in the CANDELS UDS field (empty blue squares) as
compared with that derived from GOODS-South (filled black circles).
Figure 3 (bottom-left) shows the impact of the nebular con-
tribution to the GSMF estimate at 3.5 < z < 4.5. A similar
plot for the other redshift ranges is shown in the Appendix A.
At z  4 we find agreement with the results of Stark et al. (2013)
and Salmon et al. (2014), indicating that the diﬀerences in the
stellar masses computed with and without the nebular contribu-
tion are less than 0.1–0.2 dex. The relatively low contribution
of nebular emission on the mass determination at high redshift
can be due to the large FWHM in wavelength of the IRAC fil-
ters (∼0.8–1.0 μm). At higher redshifts (z > 4.5) the diﬀerences
increases slightly, since stellar masses are systematically shifted
lower, due to the larger relative contribution of emission lines in
the Spitzer bands, but is in any case within 0.2 dex. This result is
consistent with similar results obtained by Duncan et al. (2014)
and Salmon et al. (2014), who have also attempted to take into
account the potential nebular contribution.
Our results are also consistent with those obtained by Stark
et al. (2013) at 3.5 < z < 6.5. At 6.5 < z < 7.5 they find a larger
oﬀset in stellar masses of 0.3 dex; this diﬀerence could be due to
the diﬀerent method adopted, since their estimate at these large
redshifts has been derived assuming the same EW distribution of
the Hα line emission inferred at 3.8 < z < 5.0.
In summary, we find that the nebular contribution does not
alter dramatically the shape of the GSMF, even at very high red-
shift (z = 6−7). There is, as expected, possibly a slight system-
atic eﬀect towards lower number densities at a given mass when
the nebular contribution is allowed in the fitting, but this trend
is within the uncertainties of the GSMF and always less than
0.1–0.2 dex in log(Φ). The diﬀerence in the faint end slope Δα
computed on the Mass Functions with and without nebular con-
tribution at z ∼ 7 is ∼0.04, confirming the robustness of the
GSMF against this systematic eﬀect.
4.2.4. The cosmic variance
Another source of uncertainty in the GSMF estimation is the
field-to-field variation, also known as cosmic variance. Despite
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the relatively large area covered by the CANDELS survey at an
unprecedented depth, the volume sampled by deep HST observa-
tions is not larger than the possible scales of over-densities and
under-densities at those redshifts (Ouchi et al. 2009). For ex-
ample, Lee et al. (2012) found strong cosmic variance between
the number counts of LBGs at z = 4 and z = 5 between the
GOODS-South and GOODS-North fields. Cosmic variance can
also be an important source of the scatter observed so far in the
various estimates of the GSMF at high redshift, especially at the
high-mass end.
To make a first-order estimate of the amplitude of the
cosmic variance, we compare the GSMF for the two fields
(GOODS-South and UDS) separately in Fig. 3 (bottom-right)
for the redshift interval 3.5 < z < 4.5. The same plot for the
higher redshift bins is shown in the Appendix A. As expected,
the biggest uncertainties/diﬀerences are at large masses (M ≥
1010.6 M at z = 4). We find a similar trend at higher redshifts,
as shown also in the Appendix A. At z = 7 the diﬀerence be-
tween the best fit of the GSMF in the UDS and GOODS-South
field is Δα ∼ 0.037, but the value of M∗ is significantly diﬀerent
for the two fields, log M∗GDS = 9.64 against log M
∗
UDS = 11.95.
This indicates that we need larger areas to beat down the cos-
mic variance: the completion of the CANDELS survey and the
availability of other deep fields being observed with HST will
probably provide the necessary combination of depth and area
to overcome this limitation.
4.2.5. The presence of AGN in the input CANDELS sample
The presence of AGN in principle can alter the stellar mass
derivation since the radiation from the active super-massive
black holes, if ignored, is usually converted into stellar masses
adopting pure stellar libraries.
Adopting the same technique of Fontana et al. (2006), we ex-
clude here all the spectroscopically confirmed AGN (both type 1
and 2) and the luminous hard X-ray detected objects from the
parent CANDELS sample (Xue et al. 2011). It is worth noting
that in the GOODS-South field the identification of additional
high-redshift AGN is also possible thanks to the variability stud-
ies and the wealth of multi-wavelength data available (Trevese
et al. 1994; Villforth et al. 2010), from ultra-deep X-ray imaging
by Chandra to the mid- and far-IR (Spitzer, Herschel). In the
GOODS-South field we thus exclude 22 AGN at 3.5 ≤ z ≤ 7.5
from the parent sample (∼1%). The removal of AGN in the
UDS field is not as trivial as in the GOODS-South case, since
such a photometric database is not available or is shallower, at
the moment. Moreover, at z > 6 the identification of AGN is
made more diﬃcult due to flux limits on the X-ray and on op-
tical spectroscopic identification. For this reason, investigating
the contribution of AGNs to the GSMF estimation is important.
In Fig. 4 we compare the galaxy-only GSMF with that which
is derived deliberately retaining all known AGN in the sample
(but estimating their stellar masses using pure stellar libraries).
We find that at 3.5 < z < 4.5 the two are almost identical at M ≤
1011 M, and within the uncertainties for higher masses. The plot
which summarizes the comparison at all redshifts can be found
in the Appendix A. From these checks, we can conclude that at
masses lower than 1011 M the role of AGN is negligible, and
at the massive tail they are introducing changes that are within
the uncertainties. This is as expected, since bright AGN tend to
populate the centre of massive galaxies.
Fig. 4. Comparison of the GSMF with and without AGN. The stel-
lar mass function of galaxies at 3.5 ≤ z ≤ 4.5 in the CANDELS
GOODS-South field without AGN (filled black triangles) and with the
AGN included (red asterisks). The error bars show the Poissonian un-
certainties of each point. The stellar masses for the AGN have been de-
rived using the same technique adopted for normal galaxies. The solid
continuous curve shows the Schechter function derived through a para-
metric STY maximum likelihood fit of the GSMF without AGN.
Fig. 5. Various uncertainties in Log (Φ) as a function of stellar mass
for diﬀerent redshift bins from z = 4 to z = 7. Blue curves (SFH)
indicate the uncertainties due to the diﬀerent SFHs adopted in this
work. Green curves (MCsim) are related to the Monte Carlo simula-
tions described in paragraph 4.1. The red lines (Zphot) indicate the er-
ror introduced by diﬀerent photometric-redshift solutions. Finally, the
dark-green lines (CVar) indicate the error due to cosmic variance.
4.3. Comparison of different sources of uncertainties
Armed with a full characterization of the random and systematic
eﬀects, we are now in a position to compare them and assess the
overall reliability of the GSMF. For all the random and system-
atic eﬀects described above, we have estimated the rms of the
diﬀerent measured densities Φ(M) of the GSMF in each mass
bin.
As far as the random errors are concerned, we compute the
uncertainties on the GSMF due to the combined probability
distribution functions in photometric redshift and stellar mass
PDF(z,M) using the 1000 Monte Carlo simulations described in
the previous paragraph. The uncertainties are then derived mea-
suring the rms of these GSMFs and are indicated in Fig. 5 with
the label “MCsim” (Monte Carlo simulations). For the cosmic
variance eﬀect we do not rely on the rms computed only on
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Table 2. Median uncertainties on the GSMF due to photometric red-
shifts, Monte Carlo simulations or SFH+NEB.
Redshift σlog(Φ) σlog(Φ) σlog(Φ)
photo-z SFH/NEB “MCsim” CVar
3.5 < z < 4.5 0.13 0.06 0.07 0.10
4.5 < z < 5.5 0.15 0.09 0.12 0.14
5.5 < z < 6.5 0.12 0.09 0.11 0.20
6.5 < z < 7.5 0.29 0.13 0.20 0.36
Notes. CVar is the cosmic variance error of the GOODS-South+UDS
fields computed with the recipes of Trenti & Stiavelli (2008).
two fields, but we used the “cosmic variance” tool2 provided by
Trenti & Stiavelli (2008) using as input parameters the number
of galaxies observed in our two fields.
Similarly, we have computed the GSMF that results
from the adoption of diﬀerent methodologies, such as
photometric-redshift recipes, star formation histories (exponen-
tially declining, exponentially rising, delayed) and the nebular
model.
These errors are compared in Fig. 5, that shows the diﬀerent
uncertainties in Log (Φ) as a function of stellar mass for diﬀer-
ent redshift bins from z = 4 to z = 7. Table 2 summarizes the
median uncertainties in all the mass bins for 3.5 < z < 7.5, due
to the photometric redshifts, the star formation histories and the
nebular contribution (SFH+NEB), the Monte Carlo simulations
and the field-to-field uncertainties (CVar).
This comparison shows that the errors in the GSMF are rel-
atively small, 10–20% in most of the bins, when the diﬀerent
sources of uncertainties are individually taken into account (pho-
tometric redshift recipes, star formation histories, nebular con-
tribution). In general, we note that errors tend to be larger at
the high-mass end (where the number of objects is small) and at
small masses (where objects are faint and hence more suscep-
tible to errors), and smaller at intermediate masses, where the
statistics are better and photometry is still highly reliable.
It is also clear that the leading source of errors is the adop-
tion of a specific recipe for the computation of the photometric
redshifts. This eﬀect dominates over those due to the diﬀerent
parametrizations of the SFH or the adoption of the nebular con-
tribution. We remark that this test has been performed here for
the first time, to our knowledge, thanks to the various recipes
developed and compared within the CANDELS collaboration.
This test is diﬀerent from the evaluation of the eﬀects of noise in
the redshift estimate internal to a given technique, that we have
also performed and that is labelled MCsim (and which was al-
ready included in previous analyses; e.g. Fontana et al. 2006;
Marchesini et al. 2009), but it is instead related to the systematic
diﬀerences that may arise when diﬀerent techniques are adopted.
Our check suggests that a significant contribution to the ob-
served scatter among the various GSMF presented in the liter-
ature, at least at high redshift, can be ascribed to the diﬀerent
photometric redshift techniques adopted.
We also note that the typical error due to the uncertainties
in photo-z (MCsim) in our survey is somewhat lower than in
previous surveys thanks to the improved quality of the photom-
etry and to the adoption of a Bayesian approach that improves
the accuracy and leads to narrower PDF(M|z) distributions. Our
decision to use the Bayesian photo-z by Dahlen el al. (2013) al-
lows us to reduce the uncertainties in the GSMF at high redshift
by 0.1–0.3 dex.
2 http://casa.colorado.edu/~trenti/CosmicVariance.html
The other fundamental ingredient to constrain the uncertain-
ties of the GSMF is the limitation of the cosmic variance eﬀect,
and this is possible adopting observational strategies tailored to
maximize the eﬃciency of the surveys. From Table 2 it is clear
that the uncertainty on the photometric redshifts and the cosmic
variance eﬀect of the CANDELS GOODS-South+UDS fields
are comparable. Larger areas or multiple fields would be essen-
tial in the future to further beat down the field-to-field variations.
The previous tests have allowed us to quantify the eﬀects
of diﬀerent “ingredients” on the mass function, namely photo-
metric redshifts, star formation histories and nebular contribu-
tion. However, these have been considered separately, i.e. vary-
ing only one parameter at time and checking for its eﬀects on
the GSMF, as shown in Table 2 and in Fig. 5. To quantify the co-
variance between these three main ingredients, we have consid-
ered all their possible combinations, varying simultaneously the
five recipes for photo-z including the bayesian solution, the three
SFHs and adding or neglecting the nebular contribution. We have
thus produced 36 diﬀerent GSMFs. As a consequence, the to-
tal variance of these determinations gives a quantitative estimate
for the co-variance between these three ingredients. We find that
the scatter of Log (Φ), obtained from the 36 diﬀerent mass func-
tion realizations, is very similar to the square-root combination
of the individual variances due to photo-z, SFHs and nebular
emissions. We can thus conclude that the co-variance terms be-
tween photo-z, SFHs and nebular contribution are negligible and
that they can be eﬀectively factorized in diﬀerent independent
variances.
Here we did not consider other sources of variance on the
mass function determinations, i.e. mass-variable IMF, diﬀerent
libraries for simple stellar population synthesis, non-uniform
dust screen models, diﬀerent dust laws, and other parameters in-
fluencing the stellar mass derivation through SED fitting. Taking
into account all these parameters the variance on GSMF can be
even larger than what we find here. We thus advertise the reader
that the uncertainties summarized in Table 2 and in Fig. 5 are
only an underestimation of the true total error budget on the
GSMF at high-z.
5. The constituents of the GSMF at high redshift
5.1. The CANDELS GSMF at z = 4–7
Figure 6 shows the GSMF at 3.5 ≤ z ≤ 7.5 derived by combin-
ing the CANDELS GOODS-South and UDS fields (filled and
open blue circles). Most of these GSMFs (i.e. those represented
by filled circles) have been derived adopting our “baseline” mass
estimation; i.e. SED fitting to the whole photometry using BC03
models with exponentially declining SFHs, no nebular contribu-
tion, excluding AGN from the parent sample, and adopting the
Bayesian photometric redshifts. We extend the GSMF at the very
low mass end (as shown by open circles) by converting UV lu-
minosity into stellar mass adopting a constant M/L ratio. The
procedure will be described in detail in Sects. 5.2 and 6, where
we will present the consequences and lessons learned from our
new estimate of the GSMF. We first compare our new determina-
tion of the GSMF with results from previous studies, and discuss
plausible origins for the discrepancies that we find.
As can be clearly seen from Fig. 6, the various estimates
of the GSMF at z = 4, and in particular at M ≥ 1011 M
diﬀer quite dramatically. For example, if we compare our re-
sults with the GSMF derived by Stark et al. (2009), Lee et al.
(2012) or González et al. (2011), we find an excess of galaxies
at the high-mass end and a steeper slope at low masses. The high
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Fig. 6. Stellar mass function of galaxies at 3.5 ≤ z ≤ 7.5 in the CANDELS UDS and GOODS-South fields (blue filled and open circles). The
error bars show the Poissonian uncertainties of each point with the errors derived through the Monte Carlo simulations added in quadrature. The
masses are derived using the BC03 libraries with exponentially declining star formation histories, and without any contribution from nebular lines
or continuum. AGN were not included in the present sample. The dotted lines indicate the GSMF at z = 0.6 in the UDS and GOODS-South fields.
The dark-green pentagons show the mass function derived by González et al. (2011; G11), while the cyan stars indicate the result of Caputi et al.
(2011; C11), which was obtained with a diﬀerent stellar library (Bruzual 2007) that includes a stronger contribution from TP-AGB stars. The black
triangles are from Pérez-González et al. (2008; PG08), the red (empty and filled) squares from Marchesini et al. (2009; M09) and Marchesini et al.
(2010; M10), respectively. The magenta points are the GSMF of Santini et al. (2012a; S12). The grey circles come from Fontana et al. (2006; F06)
while the magenta triangles are from Stark et al. (2009; S09). The red, orange, dark-yellow and green dashed lines show the best fit GSMFs of Lee
et al. (2012; L12), Ilbert et al. (2013; I13), Muzzin et al. (2013; M13) and Duncan et al. (2014; D14), respectively. All the mass functions have
been converted to a Salpeter IMF for comparison. The solid continuous curves show the Schechter function derived through a parametric STY
maximum likelihood fit.
mass range is particularly sensitive to the systematics that we
described above, such as cosmic variance and diﬀerent recipes
for photometric redshifts. In addition, the photometric quality
of the various data sets used in diﬀerent studies varies signifi-
cantly, and can further contribute to the observed scatter. Indeed,
the basic selection wavelength used can be very diﬀerent. For
instance, Caputi et al. (2011) adopted a catalogue selected di-
rectly from the Spitzer images at 4.5 μm, rather than utilising
an H-band selected catalogue as adopted here or in Santini et al.
(2012a). Meanwhile, bluer selection bands were used by Stark
et al. (2009) and Lee et al. (2012) who undertook their pri-
mary galaxy selection in the i775 and z850 ACS bands respectively
(sampling the UV rest-frame wavelengths at z ≥ 4). A more de-
tailed discussion on these diﬀerences, especially on the massive
side of the GSMFs, has been carried out in Sect. 5.3.
Although we are using deeper WFC3/IR data, the González
et al. (2011) GSMFs extend to lower masses than our mass func-
tion determinations. This is because the González et al. (2011)
GSMF estimate is based on the UV luminosity function, rather
than on a directly mass-selected sample. In the next section
we will discuss these diﬀerences in more detail, and will also
investigate the nature of the galaxies at the high-mass end and
the relation between mass and UV light.
At z ≥ 5 the number of available GSMF is much smaller,
and the general agreement improves. We suspect that, in general,
the surveys adopted to estimate the GSMF at extreme redshifts
are of superior quality, and that the strong signature provided
by the IGM absorption makes the photo-z more robust in this
redshift range. The main discrepancy is found again with the
Caputi et al. (2011) GSMF at z  5, and again we suspect that
the diﬀerent selection criterion may have played a role. At z  7
our GSMF slightly diﬀers from the Duncan et al. (2014) one
at M ∼ 3 × 1010 M, but this can be due to the low number
statistics of the adopted samples. Nonetheless, it is worth noting
that the GSMFs at z ≥ 5 shown in Fig. 6 (by Stark et al. 2009;
González et al. 2011; Lee et al. 2012; Duncan et al. 2014) have
been derived from similar photometric databases (including the
GOODS-South field), so the cosmic variance scatter may not be
a dominant eﬀect in this case.
5.2. The Mass-to-light ratio of galaxies at z ≥ 3.5
As already mentioned, most previous attempts to derive the
GSMF at very high redshift (z > 3) have been carried out
through the conversion of rest-frame UV light into masses
(González et al. 2011), assuming a tight correlation between
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SFR and the stellar masses of galaxies observed at z = 4. Our
SED fitting procedure is not only providing the stellar masses
of the analysed sample, but it also gives the absolute magni-
tudes at diﬀerent rest-frame wavelengths. We have therefore de-
rived the mass-to-light ratio at 1400 Å rest frame for galaxies
at 3.5 < z < 4.5 in order to compare it with previously derived
relations from other studies.
Figure 7 shows the resulting relation between the stellar
mass M and the UV-rest frame luminosity L1400 for galaxies at
3.5 < z < 4.5 in the CANDELS GOODS-South field. Green
points represent the objects that, although too faint to be detected
in the 3.6 μm and 4.5 μm Spitzer bands, are instead detected
in the deep K-band HUGS observations. At z ∼ 4 the K-band
enables a direct measurement of the rest-frame luminosity be-
yond the Balmer break, where the bulk of the light from or-
dinary stars is manifest. This is crucial for a robust estimate
of stellar mass, and so there is no doubt that the availability of
these deep K-band images represents a major improvement of
the data now available in the CANDELS fields for high-redshift
mass determinations.
At 3.5 < z < 4.5 a linear regression to the observed data
yields the relation log M = −0.4 × MUV + 1.6, shown by a thick
green line in Fig. 7. This relation implies that, although with
large scatter, our data are consistent with a constant M/L ratio.
This equation is similar to the one deduced by Duncan et al.
(2014), but with a slightly higher normalization. The trend of
constant mass-to-light ratio is valid also at higher redshifts, cor-
roborating the results of similar works on the CANDELS survey
(Salmon et al. 2014; Duncan et al. 2014). The large scatter that
we observe is partly due to noise (in the photometry and in the
derived rest-frame quantities) and partly to a genuine scatter of
the M/L ratio in high redshift galaxies, but the relative weight of
the two aspects is however diﬃcult to quantify. We will discuss
below how this aﬀects the resulting GSMF.
When compared with previous surveys, our results are in
agreement at bright UV magnitudes, but become progressively
more diﬀerent at fainter UV luminosities. As we show in Fig. 7,
the relations found by Lee et al. (2012) and González et al.
(2011) do not reproduce the slope of the M/L relation derived
here.
In particular, the blue solid line in Fig. 7 is the relation
at 1700 Å rest-frame found by Lee et al. (2012) for LBGs se-
lected with the B − V vs. V − z colour criterion and signal-to-
noise ratio (S/N) in the z850 band greater than 6, and this can be
seen to be more consistent with the lower envelope of our data
than with our own average M/L relationship. This also appears
to be the case for the relation derived by González et al. (2011;
red solid line) who also used samples of LBGs selected at z = 4
(i.e. at a rest-frame wavelength of 1500 Å).
We first tried to reproduce the trend observed by González
et al. (2011) using only LBGs selected via the B − V vs. V − z
colour–colour criterion, or fitting the masses with models of con-
stant star formation histories and/or solar metallicity, but we find
that our data points are always best fitted by a constant M/L re-
lation. Following the example of McLure et al. (2011), we ex-
plored also synthetic libraries with constant star formation his-
tories and no extinction, but the results are similar to our baseline
model, indicating (on average) a constant mass-to-light ratio.
A possible explanation for the diﬀerences could be that the
relation between mass and light deduced by González et al.
(2011; their Fig. 1) appears to be driven – and possibly tilted
– by the points at lower masses that are derived from galaxies
that are essentially undetected (S/N ≤ 2) in the IRAC 3.6 μm
Fig. 7. Stellar mass vs. UV absolute magnitude M1400 for galaxies
at 3.5 < z < 4.5 in the GOODS-South field. The blue solid line is
the relation (at 1700 Å rest frame) found by Lee et al. (2012) for LBGs
selected with the B − V vs. V − z colour criterion and a S/N in the z850
band greater than 6. The red solid line represents the relation as derived
by González et al. (2011) at z = 4, for a similar rest-frame wavelength
of 1500 Å. The grey triangles show the M/L relation derived by Stark
et al. (2013). The dark-green line is the best fit to our own results assum-
ing a constant mass-to-light ratio, or equivalently a slope −0.4 between
stellar mass and absolute magnitude. The orange line is the best fit of
Duncan et al. (2014). All the relations have been converted to a Salpeter
IMF for comparison. Magenta points show galaxies undetected in the
deep K-band Hawk-I imaging, while green dots represent objects not
detected in 3.6 and 4.5 μm in the Spitzer SEDS imaging.
band. In our case, instead, the estimates at low luminosity bene-
fit from the combination of the new deep HUGS Hawk-I K-band
photometry (Fontana et al. 2014) and the deeper IRAC imaging
provided by the SEDS programme (Ashby et al. 2013), allow-
ing us to improve the mass estimates for faint (M1400 ∼ −18)
galaxies (green and magenta points in Fig. 7).
These diﬀerences have obvious consequences for the form
of any GSMF derived from the UV light. Since González
et al. (2011) adopted a M/L relations significantly steeper
than log M ∝ −0.4×MUV (they adopted log M ∝ −0.68×MUV),
their inferred stellar masses at very faint UV luminosities are un-
derestimated by an order-of-magnitude with respect to the typ-
ical values derived from a constant M/L ratio relation as found
here. The resulting GSMFs computed with the steeper M/L re-
lation are thus inevitably flatter at the faint end than the ones
derived in the present study.
This eﬀect is clearly shown in Fig. 8, where our derived
GSMFs are compared with those obtained by converting the UV
luminosity function adopting a non-linear functional form for
the M∗/LUV ratio. In addition to a GSMF taken from the lit-
erature (González et al. 2011, green pentagons) we show also
those obtained from our CANDELS data adopting either the
same M∗/LUV relation as used by González et al. (2011; green
starred points) or those obtained adopting our own M∗/LUV (red
dots). We note that the González et al. (2011) GSMF has been
corrected for incompleteness and for the estimated scatter in
the M/L relation, and is based on a smaller field, hence its
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Fig. 8. Comparison between the mass function derived by assuming a constant mass-to-light ratio (red squares), relation between mass and L1400
light derived by González et al. (2011; green stars), and the one derived in this work for the GOODS-South and UDS fields (blue circles). The
error bars show only the Poissonian uncertainties of each point. The original GSMF presented González et al. (2011) is shown by dark-green
symbols.
normalization cannot be immediately compared to that of our
GSMF computed using their M∗/LUV relation.
A few results are immediately evident. First, comparing the
GSMF derived using our M∗/LUV relation with the one derived
(from the same data) using the González et al. (2011) relation, it
is clear that the latter yields a GSMF that is flatter and appears to
extend to lower masses, since the relation between UV light and
mass is steeper than the one observed in the CANDELS data, as
shown in Fig. 7. At faint magnitudes, the GSMF derived using
our average M∗/LUV relation agrees very well with the GSMF
that we derive from the full sample. We use this agreement to
extend our fiducial GSMF towards even lower masses, namely
to M = 6 × 108 M at z = 4 and M = 2 × 109 M at z = 7,
assuming that losses due to incompleteness are minimal. These
additional points have been marked with blue empty circles in
Fig. 6.
Another major discrepancy that emerges from Fig. 8 con-
cerns the high-mass end of the GSMF: especially at z  4,
the GSMF derived from our reference sample extends clearly
to much higher masses than all GSMFs computed with some av-
erage M∗/LUV: our GSMF (blue circles) extends towards M ∼
5 × 1011 M while the mass functions derived from the UV lu-
minosities are limited to M ≤ 1011 M. In the next sub-section
we will explore the reasons for this discrepancy.
We note that all these diﬀerences tend to disappear at higher
redshifts. Indeed, at z = 6 and z = 7, our GSMFs (blue circles in
Fig. 8) are consistent with the mass function derived through the
UV luminosity, assuming a constant M∗/LUV ratio (red squares).
There are two possible explanations for this behaviour: either all
the galaxies at high-z have relatively low dust content and are rel-
atively young or, alternatively, the H160-band selection adopted
in this work is missing the more obscured and/or evolved galax-
ies at z > 6. These alternatives can be distinguished by using a
deep mid-infrared selection. Considering the current limitations
of IRAC-selected samples, such as the Caputi et al. (2011) one,
that are significantly plagued by limited depth and confusion due
to poor image resolution, this issue may not be fully resolved
until future JWST observations.
5.3. The physical properties of massive galaxies
at high redshift
As shown in Fig. 7, there are a number of relatively faint
objects (M1400 ∼ −18) which are nevertheless very massive,
with M ∼ 1011 M (see also Madau & Dickinson 2014). While
their absolute number is not very large, it is similar to the num-
ber of UV-bright galaxies of comparable masses, and therefore
these objects can make an important contribution to the massive
end of the GSMF. This is clearly shown in Fig. 8, which illus-
trates a clear discrepancy, at z ≤ 5.5, between the high-mass end
of the GSMF derived from the UV-selected star-forming galax-
ies (i.e. Stark et al. 2009; González et al. 2011; Lee et al. 2012)
and the one derived in this paper, which has been obtained with a
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Fig. 9. Example SEDs of galaxies at 3.5 < z < 4.5 with M > 1010.5 M
and M1400 > −18.5. Their SEDs, especially in the IRAC bands, indicate
that they are really massive objects at high redshift and that the nebular
contribution is not dominant. The objects ID = 8785 and 17 749 are
quite old (age/τ ≥ 8), while ID = 4466 and 13299 have E(B − V) ≥
0.4. All these galaxies are characterized by very red colours, and thus
cannot be selected by standard LBG selection criteria based on UV rest-
frame colours. Because of their large masses, however, they represent
a relatively rare population, which can contribute significantly to the
high-mass tail of the mass function at z = 4.
complete near-infrared sample without the application of colour
pre-selection.
To understand the nature of these galaxies with (relatively)
low UV luminosity but high masses we plot in Fig. 9 the SEDs
of the four most massive (M ≥ 1010.5 M) but faint (M1400 >
−18.5) galaxies in the GOODS-South field (see also Fig. 7). The
fits to their observed SEDs indicates clearly that is these objects
do indeed lie at z > 3.5, but their observed colours are clearly
very diﬀerent from those used to select LBGs at comparable
redshifts. Such objects are in fact well fitted with dusty star-
forming models or alternatively with passively evolved SEDs.
We have checked that they are not type-1 AGN based on the 4 Ms
Chandra observations, but we cannot exclude that they are X-ray
absorbed (Compton thick) AGN (although they do not show any
sign of an unusually steep SED slope in the IRAC bands). In
a separate paper (Merlin et al., in prep.), we describe in more
details the most interesting objects. Although they are quite rare,
these red galaxies are unambiguously very massive and represent
a major contribution to the high-mass end of the mass function
at z  4.
6. The evolution of the mass function at high
redshift
We can finally obtain a full description of the shape and red-
shift evolution of the GSMF by fitting a Schechter function to
our data. Before doing so, it is important to carefully consider
how the uncertainties on the estimate of the stellar mass for each
galaxy may aﬀect the observed shape of the GSMF.
Since the measured masses are randomly perturbed by dif-
ferent noise sources, the net eﬀect on the observed GSMF is
a preferential transfer of galaxies from the faintest bins to-
ward the more massive ones, since low mass galaxies are more
numerous than brighter ones. This eﬀect is commonly referred
to as “Eddington bias”, following Eddington (1913). It is usually
believed to aﬀect mostly the massive side of the GSMF, where
the slope is steeper than at the faint end, but we show below that
this does not necessarily happen in our data set.
For this purpose we use the probability distribution functions
PDF(M|z) (i.e. the probability that a given galaxy in our sample
has a mass M at a redshift z) derived from the Monte Carlo simu-
lations described in Sect. 4.1.1. We use the individual PDF(M|z)s
to build the average PDF(M|z) for each mass bin of the GSMF,
at the various redshifts. While this has already been done in pre-
vious analyses (Ilbert et al. 2013) as a function of redshift, the
novelty of our approach is that we explicitly derive the PDF(M|z)
as a function of both redshift and stellar mass. Unsurprisingly,
the PDF(M|z)s become wider (implying that masses become less
constrained) when redshift increases and when galaxies become
fainter (i.e. less massive).
The procedure adopted is fully described in Appendix B,
while we report here the major results. The first is that the dis-
tortions induced in the shape of the GSMF are progressively
larger with increasing redshift, and become particularly severe
at z  7, because, as naively expected, the intrinsic errors on
the estimate of individual galaxy stellar masses increase with
increasing redshift (Fig. B.1).
The second eﬀect is that, contrary to what was found in pre-
vious analyses (e.g. Ilbert et al. 2013), especially at z = 4, the
accuracy at the bright end is here good enough to keep the over-
all shape essentially unaﬀected. On the contrary, the increase in
the noise at the faint end (that was never taken into account in
previous estimates) induces a non-negligible steepening of the
observed faint end. Both eﬀects are clearly visible in Fig. B.2.
At z ≥ 6, instead, the large errors in mass can aﬀect also the
shape of the GSMF at the massive side (see Fig. B.3). It is worth
noting that the Eddington bias corrections described here depend
critically on the shape of the adopted PDFs in mass. As a cau-
tionary note, we warn the reader that the unambiguous estima-
tion of the best fitting GSMF is subject to the correct derivation
of the PDF(M).
We include these eﬀects in our fit of the GSMF. We adopt for
the GSMF a standard parametrization with a single Schechter
function with free parameters α, M∗ andΦ∗. We have performed
a best-fit on the data points obtained with the V/Vmax approach.
Although this is statistically less rigorous than other approaches
(like the STY method), it has two advantages in our case. The
first is that we can fit both the GSMF and its extension to lower
masses which we derived by assuming a constant M/L ratio (as
described in the previous section). The second advantage is that
we can correct the observed data points for the Eddington bias.
The fit is performed as follows: for any possible combination of
the Schechter parameters α, M∗, and Φ∗, we compute the con-
volved GSMF using the estimated average PDF(M|z)s and we
compare it with the observed mass function. We scan the three-
dimensional space of the free parameters of the Schechter func-
tion to find the best fit solution by a χ2 minimization. The error
bars of the GSMF considered here include both the Poissonian
error bars from the 1/Vmax procedure as well as the uncertain-
ties due to the other eﬀects (photometric redshifts, photomet-
ric scatter) that are estimated with our Monte Carlo simula-
tions described before. We include also the errors due to cosmic
variance.
Figure 10 shows the resulting GSMFs from z = 4 to z = 7
in the combined UDS and GOODS-South fields. Our GSMFs
extend toward low masses: 109 M at z = 4 and 6 × 109 M
at z = 7 (even lower, converting UV light to stellar masses).
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Fig. 10. GSMFs from z = 4 to z = 7 in the CANDELS UDS and
GOODS-South fields. The error bars take into account the Poissonian
statistics, the cosmic variance and the uncertainties derived through
the Monte Carlo simulations. The solid continuous curves show the
Schechter function derived through a best-fit approach which corrects
the observed data points for the Eddington bias.
Since we explicitly correct for the Eddington bias, the best-fit
GSMFs do not follow the raw binned data; as mentioned above,
the recovered slope is less steep in all cases, and the massive
side at high redshift is shifted toward lower masses, though the
latter trend is not particularly significant. We also note that in
Appendix C we provide for comparison the results of the fitting
procedure neglecting any eﬀect from the Eddington bias.
Table 3 summarizes the χ2 best fit values of the free param-
eter of the GSMF, again corrected for the Eddington bias. We
have also been able to compute the errors on such parameters, at
the 1σ confidence level, by scanning the three-dimensional vol-
ume of the three parameters. The same results are also shown in
Fig. 11, that reports the evolution of α, M∗ and Φ∗ with redshift,
along with their uncertainties.
We find that the best-fit parameters are reasonably well con-
strained up to z = 6, such that meaningful conclusions on the
evolution of the various parameters can be derived. In the last
redshift bin, the uncertainties (that are due to both the intrinsic
errors on the stellar masses as well as to the small size of the
sample) are much larger, and results are only tentative.
We find that the slope of the low-mass side of the GSMF is
almost constant, with α  −1.6 from z = 4 to z = 6, showing
no evidence of a steepening with redshifts. This slope however
is significantly steeper than the GSMF slope up to z  1, indicat-
ing that a progressive steepening must occur in between. Santini
et al. (2012a) presented the first evidence for such a trend, but
this will clearly need to be verified with much deeper and wider
surveys like CANDELS.
Most of the evolution of the GSMF appears to be due to a
combination of density evolution (Φ∗ grows at lower-z) and mass
evolution (M∗ increases with cosmic time).
In the last redshift bin, at z = 7, the large errors reflect strong
degeneracies between the Schechter parameters, and the best fit
values are much less constrained, so that any conclusion is pre-
liminary. The only robust result is a further decline in the total
stellar mass density ρM , that is steadily decreasing as redshift in-
creases, at severalσ of significance (Fig. 11, bottom right panel).
Overall, the mild evolution in both log(M∗) and log(Φ∗), to-
gether with an almost constant α, seems to indicate that the mass
assembly rate was somewhat similar for massive galaxies and
Table 3. Mass function best fit parameters.
Redshift α log(M∗/M) log(Φ∗) Ngal
3.5 < z < 4.5 −1.63 ± 0.05 10.96 ± 0.13 −3.94 ± 0.16 1293
4.5 < z < 5.5 −1.63 ± 0.09 10.78 ± 0.23 −4.18 ± 0.29 370
5.5 < z < 6.5 −1.55 ± 0.19 10.49 ± 0.32 −4.16 ± 0.47 126
6.5 < z < 7.5 −1.88 ± 0.36 10.69 ± 1.58 −5.24 ± 2.02 20
Notes. The parameters α, log(M∗), and log(Φ∗) of the Schechter func-
tion at z = 4−7 derived through χ2 fitting to the observed data points
shown in Fig. 6, after correcting for Eddington bias. Uncertainties
refer to to 1σ confidence intervals. Ngal is the number of galaxies
(GOODS-South + UDS fields) in each redshift bin used to compute
the GSMF.
Fig. 11. Evolution of the three parameters (α, M∗, Φ∗) of the GSMF
with redshift. The bottom-right panel shows the dependencies of the
Stellar Mass Density (ρM in unit of MMpc−3) from the parameter α.
The stars mark the position of the best fit of the observed GSMF with
a Schechter function, obtained by correcting for the Eddington bias as
explained in detail in Appendix B. A clear trend with redshift is evident
up to z = 6, while at z = 7 the parameters are basically unconstrained.
for the less massive ones. This behaviour can be linked to the
apparently slow (or negligible) redshift evolution of the appar-
ent SF quenching mass as has been found at lower redshifts in
the COSMOS data by Peng et al. (2010, 2012) and Ilbert et al.
(2013), although clearly the physical processes ongoing in high-
redshift galaxies may be very diﬀerent.
7. The stellar mass density at 3.5 ≤ z ≤ 7.5
Starting from the best fit of the GSMF and from its uncertain-
ties, we derive the stellar mass density (SMD) by integrating the
best-fit GSMF from M = 108 M to M = 1013 M. These lim-
its have been chosen to facilitate the comparison with previous
SMD estimate in the literature. To compute the associated error,
we consider all the possible combinations of the parameters α,
M∗, andΦ∗ which are still compatible with the observed GSMFs
at 68% c.l. and for each of them we compute the integral in mass,
thus finding the minimum and maximum range of the SMD at
the 1σ level. The results are shown in Fig. 12, that shows the
SMD, log(ρM), at 3.5 < z < 7.5 obtained in the CANDELS-UDS
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Fig. 12. Redshift evolution of the stellar mass density (SMD) at 3.5 <
z < 7.5 obtained by integrating the GSMFs presented in this paper
(black points). The evolving SMD at high redshift is compared to the
lower redshift results from diﬀerent surveys. ρM is in units of M Mpc−3
and has been obtained by integrating the best-fitting mass functions
from Mmin = 108 M to Mmax = 1013 M. All the SMDs have been
converted to a Salpeter IMF for comparison. The error bars of the
CANDELS data have been computed using the same Monte Carlo sim-
ulations developed to derive the uncertainties on the Schechter function
parameters. The short-dashed line is the stellar mass density obtained
integrating over cosmic time the star formation rate density (SFRD) of
Hopkins & Beacom (2006). The long-dashed line is the SMD inferred
from the SFRD of Reddy & Steidel (2009). The solid line is the SMD
obtained from the SFRD of Behroozi et al. (2013), while the dotted line
is the SMD derived by the new fit of the Hopkins & Beacom (2006)
carried out by Behroozi et al. (2013). The dotted-dashed line shows
the SMD derived from the SFRD of Madau & Dickinson (2014). All
the stellar mass densities obtained by integrating the diﬀerent SFRDs
assume a constant recycling fraction of 28%.
and GOODS-South fields (black points). Table 4 summarizes the
values of the SMD at 3.5 < z < 7.5 with its uncertainties.
In Fig. 12 we also compare our evolving SMD with those
derived by diﬀerent surveys in various redshift ranges. We trans-
late all the SMDs to the Salpeter one adopted in this paper. At
intermediate redshift (2 < z < 4) the scatter is of the order
of 0.3–0.5 dex and can be due to cosmic variance or photo-
metric redshift uncertainties. At low redshift (z < 2) the scatter
is reduced, and it is probably driven by statistical uncertainties.
At z > 4 the diﬀerent SMDs are in agreement with each other,
with a few exceptions.
The redshift evolution of the GSMF derived above results
in a rapidly evolving SMD at early cosmic epochs. Our results
are in agreement with those of Duncan et al. (2014), which are
based on a similar analysis of earlier CANDELS data, and in-
dicate a faster evolution than those of González et al. (2011),
whose SMD is instead evolving slowly with redshifts, probably
due to the diﬀerent method adopted (see Sect. 5.2).
In Fig. 12 we compare the SMD evolution in redshift with
the integrated value of the star formation rate density (SFRD)
over the cosmic time. We assume a Salpeter IMF and a constant
gas recycling fraction of 28% (Nagamine et al. 2006; Santini
et al. 2012a; Madau & Dickinson 2014). Diﬀerent renditions of
SMD can be obtained depending on the assumed scenario for the
global SFRD. The short-dashed line is the SMD obtained using
the SFRD of Hopkins & Beacom (2006). The long-dashed line
Table 4. Stellar mass density at 3.5 < z < 7.5.
Redshift log(ρM) Min log(ρM) Max log(ρM)
3.5 < z < 4.5 7.36 7.34 7.39
4.5 < z < 5.5 6.93 6.89 6.98
5.5 < z < 6.5 6.59 6.52 6.64
6.5 < z < 7.5 6.04 5.88 6.41
Notes. The stellar mass density (SMD) log(ρM) is derived from the best
fit of the GSMF, integrating it from M = 108 M to M = 1013 M and
assuming a Salpeter IMF. The best fit of the GSMF takes into account
the Eddington bias, as discussed in the text and in Appendix B. The
SMD ρM is in units of MMpc−3. The minimum and maximum SMDs
indicate the 1σ range (i.e. 68% confidence interval).
is the analogous curve for the SFRD by Reddy & Steidel (2009).
The solid line is the SMD obtained by the SFRD of Behroozi
et al. (2013), while the dotted line is the SMD derived by the
new fit of the Hopkins & Beacom (2006) data points carried out
by Behroozi et al. (2013). The dot-dashed line shows the SMD
obtained integrating the SFRD of Madau & Dickinson (2014).
The SFRDs of Hopkins & Beacom (2006) and Reddy & Steidel
(2009) show a peak around z  2, while the one of Behroozi
et al. (2013) and their new fit to the data points of Hopkins &
Beacom (2006) have a maximum at lower redshift (z ∼ 1), sim-
ilar to the Madau & Dickinson (2014) SFRD. The latter has a
slightly lower normalization at z ∼ 1 than the other parametriza-
tions and shows a milder evolution towards high redshifts. The
typical errors on the SFRD determination are ∼0.1 dex at z ≤ 0.9
and ∼0.2–0.3 dex at z ≥ 1.7 (see Table 7 of Behroozi et al. 2013).
At face value, the results shown in Fig. 12 indicate that the
growth in SMD derived here at high redshifts (z > 4) is in agree-
ment with that inferred from integrating the SFRD histories pre-
sented Behroozi et al. (2013) or Madau & Dickinson (2014),
and lower than the one derived in the new fit of the Hopkins &
Beacom (2006) data set by Behroozi et al. (2013). Indeed, our
SMD can be reproduced by a SFRD which is evolving at high
redshifts at the same rate of the parametrizations of Hopkins &
Beacom (2006), Reddy & Steidel (2009), Behroozi et al. (2013)
or Madau & Dickinson (2014). In addition, the normalization
of our measurements is slightly lower than the one of Hopkins
& Beacom (2006) and Reddy & Steidel (2009). This indicates
that at z ≥ 4 the SMD and SFRD are in very good agreement.
We must stress however that this is true when the GSMF and
the SFRD are integrating till low level of stellar masses and star
formation rate – if we restrict the comparison to specific ranges
of stellar masses (or, more accurately, of parent halo mass) the
results could well be discrepant.
Of course, our analysis cannot say anything new about the
puzzling disagreement between the growth of SMD and the time
integral of SFRD at z < 2, as noticed also by Santini et al.
(2012a) and Madau & Dickinson (2014). In this redshift range
we expect that both the SFRD and the SMD estimates are robust
and not aﬀected by incompleteness.
The exact size of this discrepancy, and whether it represents
a major problem is still matter of considerable debate. Many ex-
planations have been proposed, including an underestimate of
the mass density in local galaxies (Bernardi et al. 2013), an eﬀect
of “outshining” due to recent stellar populations that lead to an
underestimate in stellar masses (Maraston et al. 2010; Courteau
et al. 2014), the scattering of stars in the intracluster light (ICL)
during galaxy mergers in group or clusters, or even time-varying
IMFs. At face value, the agreement that we find at z > 4 is ap-
parently in contrast with a strong evolution of the IMF at high
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redshift, especially at z > 6 as advocated for example by Chary
(2008). They argued that the IMF at z ≥ 6 could be diﬀerent
from the Salpeter one in order to have the Universe reionized by
these redshifts and to obtain an agreement with the WMAP mea-
surement of the optical depth τes (Spergel et al. 2007). Clearly,
we need more accurate estimates of both the SFRD and SMD to
definitely address this issue.
8. Summary and conclusions
We have combined wide and deep HST Spitzer and VLT ob-
servations in the CANDELS UDS (Galametz et al. 2013),
GOODS-South (Guo et al. 2013), and HUDF (Beckwith et al.
2006; Bouwens et al. 2010) fields to study the evolution of the
GSMF in four redshift bins between 3.5 ≤ z ≤ 7.5. The HST
data cover 369 arcmin2 down to a magnitude limit (at 5σ in
apertures of 2 times the FWHM) of H160 = 26.7 and 27.5 for
the UDS and GOODS-South field, respectively, reaching a depth
of H160 = 28.5 in a limited area of 5 arcmin2 covered by the
HUDF region.
In addition to the imaging data already adopted by Galametz
et al. (2013) and Guo et al. (2013), we have included the
deep K-band images obtained from the VLT Hawk-I survey
HUGS (Fontana et al. 2014), reaching K  26.5 at 5σ over the
GOODS-South and HUDF fields. The deep IRAC images from
the SEDS survey (Ashby et al. 2013) are also a crucial ingredi-
ent of our data base. Finally, we have also added deep B-band
imaging from VIMOS at VLT (Nonino et al., in prep.). The pho-
tometric technique adopted to de-confuse the ground-based and
Spitzer images at the faintest limits is described in Galametz
et al. (2013) and Guo et al. (2013).
The high-quality photometry from the near-UV to 8 μm,
has been used to derive accurate estimates of photometric red-
shifts and stellar masses. For the photometric redshifts we have
adopted the innovative technique explored in Dahlen el al.
(2013), which combines diﬀerent photometric redshift solutions
with a Bayesian technique to provide probability distribution
functions in redshift, taking into account the biases and the scat-
ter of each individual solution. This approach allows us to ob-
tain photometric redshifts that are significantly more accurate
than each individual method, as demonstrated by the compari-
son with a sample of >2500 galaxies with robust spectroscopic
redshifts. We find an absolute scatter of ∼0.03 and an outlier
fraction of 3.4%. At 3.5 ≤ z ≤ 7.5 the photometric redshifts
have similar precision, with an absolute scatter of 0.037 and 7%
outliers, based on a sample of 152 robust spectroscopic redshifts.
With this exquisite data set at hand, we have explored dif-
ferent recipes to derive the stellar masses, focusing on the red-
shift range 3.5 < z < 7.5. Following a standard approach, we
have used the BC03 spectral synthesis code to predict galaxy
colours for a wide range of galaxy properties, including diﬀer-
ent star formation histories, ages, metallicities and dust content,
and derived galaxy stellar mass from the best-fitting spectral
template at the photometric redshift. With respect to previous
studies, we have significantly increased the breadth of the pa-
rameter space spanned by the models. First, we have tested dif-
ferent parametrizations of the star formation histories allowed
for galaxies: in addition to the standard exponentially declin-
ing models, we have allowed for “Inverted-τ” models (SFH ∝
exp(+t/τ)) as well as for “Delayed” star formation histories
(SFH ∝ t2/τ × exp(−t/τ)). For all these models, we have also
tested how stellar masses change when full nebular emission
(both lines and continuum) is included using the prescription of
Schaerer & de Barros (2009).
We have carefully explored the impact of these diﬀerent as-
sumptions on the derived GSMF, as well as of other systematics,
such as cosmic variance (field-to-field variation) and the contri-
bution of AGN (selected via X-ray emission, spectral identifica-
tion or variability). We show that, quite reassuringly, the stellar
masses and the derived stellar mass functions turn out to be quite
stable against diﬀerent choices of the adopted SFH. The inclu-
sion of the contribution of nebular lines and continuum in the
SED of the galaxies is also not dramatic, as it systematically
lowers the stellar mass estimates by 0.05–0.20 dex at z ≥ 4.
We have found that photo-z errors are the largest sources of
uncertainty in the derived GSMF, even larger than cosmic vari-
ance. In particular, we have shown that the adoption of diﬀer-
ent recipes for the computation of photometric redshift (on the
same photometric sample) can be the largest source of uncer-
tainty – an important lesson to keep in mind when one compares
results from diﬀerent surveys, where diﬀerent recipes for photo-
z are used. These two error terms increase towards large redshift,
from 0.1 dex at z = 4 to slightly less than 0.3 dex at z = 7.
We then used our sample of 3307 galaxies at 3.5 < z < 7.5
selected via photometric redshifts (or spectroscopic when avail-
able) to compute the GSMF of galaxies down to low mass limits.
For consistency with previous works, we have adopted as refer-
ence masses those derived adopting only exponential declining
star formation histories, without the contribution of nebular lines
nor continuum. At z = 4 we reach a completeness mass limit
of M = 109 M, which increases progressively with increasing
redshift to M = 6 × 109 M at z = 7.
A crucial ingredient in our analysis is a careful estimate of
how the uncertainties on the measurement of the galaxy stel-
lar mass aﬀect the derived GSMF – the so called Eddington
bias. For this purpose we use the probability distribution func-
tions PDF(M|z)s (i.e. the probability that a given galaxy in
our sample has a mass M at a redshift z) derived from the
Monte Carlo simulations as described in Sect. 4.1.1. At vari-
ance with previous analyses (Ilbert et al. 2013), our approach is
novel in that we explicitly let the PDF(M|z) vary as a function of
redshift and stellar mass. Unsurprisingly, the PDF(M|z)s become
wider (implying that masses become less constrained) when red-
shift increases and when galaxies become fainter. When these
eﬀects are properly taken into account, we show that Eddington
bias not only flattens and boosts the apparent GSMF at high
masses (albeit much less severely than in other surveys, espe-
cially at z = 4, because of the excellent quality of our data) but
also induces an apparent steepening of the GSMF at the faint
side.
A first main result of our analysis is the evidence that, at least
at z  4, the massive side of the GSMF is dominated by galaxies
that are not ordinary LBGs. We have shown that there exists a
significant population of zphot  4 galaxies that are intrinsically
redder than LBGs, i.e. that are faint in the UV rest-frame but are
bright in the IR bands, indicating that they are either highly ob-
scured by dust or old/evolved objects, and thus they have large
stellar masses. While the existence of passively evolved galaxies
at z = 4 has also been shown recently by Straatman et al. (2014)
using the ZFOURGE data set and deep Herschel observations,
in agreement with early results by Fontana et al. (2009) in the
GOODS-South field, we show here that they do contribute sig-
nificantly to the high-mass end of the GSMF, certainly at z  4.
We were led to this evidence by looking at the diﬀer-
ence between our GSMF and the previous ones that were
computed from LUV luminosity functions, scaled to mass func-
tions by adopting average relations for the M∗/L1400 ratio. The
biggest diﬀerence is found with respect to the GSMF derived
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by González et al. (2011) at z  4. This is clearly shown by
a comparison between our GSMF and the one that we derive
by assuming that all galaxies have a constant M∗/L1400. In our
sample, that is mostly composed of star-forming galaxies with
modest dust obscuration, we find that the relation between M∗
and M1400 can be fitted with a linear slope −0.4, although with
large scatter, that is equivalent to a constant M∗/L1400. This result
is in agreement with recent results on smaller CANDELS data
sets (Salmon et al. 2014 and Duncan et al. 2014), and is at vari-
ance with González et al. (2011), who found a decreasing trend
of the M∗/L1400 with decreasing luminosity. We ascribe this dif-
ference to the superior quality of our data, that at z  4 benefits
from the ultra-deep HUGS data in GOODS-South for measuring
the rest-frame optical luminosity of even the faintest galaxies.
At higher redshifts (z = 6−7) the GSMF inferred by
González et al. (2011) is in better agreement with our estimates.
At first glance this agreement can indicate that, at very high
redshift, the majority of the galaxy population comprises star-
forming galaxies with negligible dust extinction and that the
population of dusty and/or evolved galaxies has virtually dis-
appeared at very early cosmological epochs. However, an alter-
native explanation could be that we are not sensitive to those red
galaxies at extreme redshift, since our study is based on H-band
selected catalogues, which at z = 7 are sampling purely the
far UV (λ ∼ 2000 Å) rest-frame emission from young stars.
Thus the disappearance of dusty or old galaxies could simply
be a selection eﬀect. In the future, deep infrared selected sam-
ples at longer wavelengths will be fundamental to answering this
question.
The central result of our paper is related to the evolution of
the GSMF as a function of redshift, in which we detect a clear
decrease with increasing redshift, at both high and low masses.
Adopting a Schechter parametrization at all redshift, and includ-
ing the eﬀects due to the Eddington bias, we quantify this evo-
lution by looking at the best fit parameters α, M∗ and Φ∗ along
with their errors. We find that these parameters are well con-
strained up to z = 6, while at z = 7 the increasing uncertainty
in the estimate of stellar masses and the small size of our sam-
ple prevent us from deriving robust constraints on these param-
eters, and only the total mass density ρM is robustly derived. We
find that the slope of the low mass side of the GSMF is rela-
tively constant at about α = −1.6 at 4 < z < 6. This slope is,
however, significantly steeper than the slope up to z  1, indi-
cating that a progressive steepening must occur at intermediate
redshifts. We also find that most of the evolution of the GSMF
results from a combination of density evolution and mass evolu-
tion (both Φ∗ and M∗ increase with cosmic time). In particular,
M∗ shifts from log(M∗/M) = 11 (a value close to M∗ at lower
redshift) to log(M∗/M)  10.4 at z = 6. We caution however
that both trends are only marginally significant.
Adopting our parametrization of the GSMF, we computed
the stellar mass density (SMD) of galaxies at z = 4−7 by in-
tegrating the observed GSMF down to 108 M and compared
it with the integrated value of the star formation rate den-
sity (SFRD) over cosmic time, assuming a constant recycling
fraction of 28%. We found that the time integral of the SFRD is
in overall agreement with our measurements at z > 4 when we
adopt the estimated parametrization by Behroozi et al. (2013)
or Madau & Dickinson (2014), although other parametrizations
can be quite discrepant.
The observed evolution of the GSMF with redshift can
also provide indications on the expected growth-rate of galax-
ies at the high-mass end. Using a simple argument based on
object number conservation, without taking into account the
correction for merging as done in Papovich et al. (2011) and
in Behroozi et al. (2013), from Fig. 10 we can derive for galax-
ies at a fixed density of 10−5 h370 Mpc
−3/ log(M) a mean SFR
of ∼290 M yr−1 from z = 6 to z = 4. To compute this quantity,
we have adopted the best fit of the GSMFs with the Eddington
bias correction, as detailed in Sect. 6.
If we compare this star formation rate with the SFR Function
of Smit et al. (2012) at 4 ≤ z ≤ 6, it is clear that the massive
galaxies we have found at the massive tail of the GSMF at z ≥ 4
are probably not represented by the typical UV bright (and char-
acterized by low dust extinction) population found by HST, but
represent plausibly a dusty starburst phase in the life of these
galaxies. Thus, the massive galaxies we find in the exponential
tail of the GSMF at z ≥ 4 can plausibly be the results of very
active phases, which have been detected in the sub-mm regime
and that will represent an exploratory field for ALMA in the near
future. Alternatively, the SFR derived by UV light using LBGs
at high-z can be underestimated by a factor of 2–3, as recently
suggested by Castellano et al. (2014). An important aspect here
is related to the intrinsic uncertainties of the simple number con-
servation approach adopted, which does not take into account the
eﬀects of merging and the one-to-one correspondence between
mass and UV light/SFR. A detail comparison with theoretical
predictions can partially alleviate this issue.
We have demonstrated the unique synergy of CANDELS,
HUGS, and SEDS in the analysis of the GSMF at high red-
shifts extending to low stellar masses. In particular these sur-
veys take advantage of a combination of wide and deep data,
which allows us to reduce the impact of cosmic variance and the
degeneracies between the parameters of the Schechter function,
used to fit the observed GSMF. The final CANDELS survey will
more than double the present area available, adding data from
the COSMOS, EGS, and GOODS-North fields. It will be com-
plemented by the deep HUDF12 data and also by HST images
of the Hubble Frontier Fields initiative, oﬀering a further a step
forward in our understanding of the high-redshift GSMF before
the advent of the JWST and the ELTs.
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Fig. A.1. Comparison of the GSMF obtained with diﬀerent photometric
redshift recipes. The stellar mass function of galaxies at 3.5 ≤ z ≤ 7.5
in the CANDELS GOODS-South and UDS fields with the Bayesian
photometric redshifts is shown by the black triangles and the solid con-
tinuous curves. The red triangles, green circles, cyan triangles, magenta
and pink asterisks show the GSMFs obtained using the individual pho-
tometric redshifts of five diﬀerent groups that have been used to derive
the Bayesian photo-z described in Dahlen el al. (2013).
Fig. A.2. Comparison of the GSMF obtained with diﬀerent star forma-
tion histories. The stellar mass function of galaxies at z ≥ 3.5 in the
CANDELS GOODS-South and UDS fields with our standard BC03 fit
(exponentially declining SFHs) is shown by the black triangles and the
solid continuous curves. The red squares and the blue stars show the
GSMFs derived using exponentially increasing and a t2/τ × exp(−t/τ)
SFH, respectively. All these star formation histories have been tested
without the nebular contribution.
Appendix A: Comparison of the GSMFs obtained
with different recipes
In this section we show the comparison of the GSMF de-
rived with our standard approach (GOODS-South and UDS
fields, Bayesian photometric redshifts, BC03 library (Bruzual
& Charlot 2003), exponential declining SFHs, no nebular con-
tribution, no AGN) against the diﬀerent GSMFs obtained vary-
ing only one ingredient at a time. Figure A.1 shows the GSMF
at 3.5 < z < 7.5 obtained with diﬀerent photometric red-
shift recipes available within the CANDELS team (Dahlen el al.
2013). Figure A.2 investigates the impact of diﬀerent SFHs,
Fig. A.3. Comparison of the GSMF with and without an allowed nebu-
lar contribution. The stellar mass function of galaxies at 3.5 ≤ z ≤ 7.5 in
the CANDELS GOODS-South and UDS fields with our standard BC03
fit (exponentially declining SFHs and no nebular contribution) is shown
by the black triangles and the solid continuous curves. The blue as-
terisks show the GSMF derived using BC03 models and exponentially
declining SFHs, but this time including the contribution of nebular lines
and nebular continuum.
Fig. A.4. Stellar mass function of galaxies at 3.5 ≤ z ≤ 7.5 in the
CANDELS UDS field (blue squares) is compared with the one derived
from the GOODS-South data (black circles). At 6.5 < z < 7.5 the fit
to the data point was not derived due to the small range in mass of the
observed data in the individual fields.
Fig. A.3 shows the eﬀect of the nebular contribution on the
mass estimates. Finally, Figs. A.4 and A.5 illustrate the cosmic
variance eﬀect (or field-to-field variation) and the contribution
of AGN to the GSMF. In this case we must point out that the
information available for the UDS field (X-ray coverage, deep
spectroscopy, variability) is not equivalent to the rich data set in
GOODS-South, so at the present stage only some type-1 AGN
can be found in the current UDS galaxy sample adopted in this
paper. For this reason only the GOODS-South field has been
used to carry out the comparison in Fig. A.5.
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Fig. A.5. Comparison of the GSMF with and without AGN. The stel-
lar mass function of galaxies at 3.5 ≤ z ≤ 7.5 in the CANDELS
GOODS-South field considering only normal galaxies is shown by the
black triangles. The red asterisks show the derived GSMF including
AGN.
Appendix B: The correction of the Eddington bias
As already discussed in the main text, the stellar mass of a sin-
gle galaxy is not unequivocally determined due to the uncertain-
ties on the photometric redshift determination and on the mass-
to-light conversion adopted to derive the stellar mass from the
observed SED. These uncertainties must be properly taken into
account when the observed data points of the mass function are
fitted with a parametric function. This is the so-called Eddington
bias (Eddington 1913), and as we will show here it could sys-
tematically aﬀect the derivation of the Schechter parameters for
the observed mass function.
To correct for this eﬀect we used the probability distribu-
tion function in mass PDF(M|z) that we derived for each indi-
vidual galaxy during our SED fitting procedure, as described in
Sect. 4.1.1. For each galaxy in a given redshift and mass bin
(i.e. 3.5 ≤ z ≤ 4.5 and M1 ≤ M ≤ M2), we summed up all the
individual PDF(M|z) in the given redshift interval, after normal-
izing them to unit probability. This procedure gives the probabil-
ity P(M j,Mi) for a galaxy with an observed mass M j (resulting
from the best fit of its SED) to have a mass Mi still compatible
with its photometry and photometric redshifts PDF(z) derived
from the Bayesian analysis, as described in Sect. 2.3.
Figure B.1 shows the probability distribution functions for
the GOODS-South and UDS fields in diﬀerent mass bins, both
at 3.5 ≤ z ≤ 4.5 (top) and at 5.5 ≤ z ≤ 6.5 (bottom). The dark-
green curves are associated with galaxies in the bin centred at
log(M/M) = 8.9, while red, blue, green, cyan and black curves
are associated with galaxies with masses log(M/M) of 9.3, 9.7,
10.1, 10.7 and 11.1 respectively. For comparison, we plot on
the same figure also the PDF(M) adopted by Ilbert et al. (2013)
at z = 4, which is the product of a Gaussian with σ = 0.5 and a
Lorentzian distribution L(x) = τ2π 1(τ/2)2+x2 with τ = 0.04 ∗ (1+ z).
The CANDELS PDFs shown in Fig. B.1 are based on the BC03
stellar library and on the choice of physical parameters (star for-
mation histories, age, metallicity, dust extinction, IMF) adopted
in this paper. The PDFs could vary slightly by adopting diﬀer-
ent ingredients. However, as shown in the main text, the un-
certainties due to photometric scatter and photometric redshift
Fig. B.1. Probability distribution functions (PDFs) of stellar mass for
galaxies with measured stellar mass M at diﬀerent masses and redshifts,
resulting from the Monte Carlo simulations described in the text. The
PDFs were averaged over all galaxies contained in contiguous bins with
separation in mass of 0.2 in log (M), although we plot here only a few
examples. The upper panel presents the PDFs at z = 4 ± 0.5, the lower
panel at z = 6 ± 0.5. In both panels the dark-green curves are associ-
ated with galaxies in the bin centred at log(M/M) = 8.9, while red,
blue, green, cyan, and black curves are associated with galaxies with
masses log(M/M) of 9.3, 9.7, 10.1, 10.7 and 11.1 respectively. Solid
lines refer to GOODS-South, dashed to UDS. The dotted green line
shows for comparison the PDF adopted at all masses by Ilbert et al.
(2013) at z = 4.
uncertainties are much larger than those due to diﬀerent choices
of the physical ingredients.
From this plot we can draw some conclusions. First, and
most important, the error in the mass estimation is not constant
at all masses, as usually assumed (e.g. Ilbert et al. 2013): it is
indeed smaller for higher-mass galaxies than for lower ones.
This is expected since larger photometric errors lead to wider
ranges of acceptable photometric redshifts and spectral mod-
els. We also note that the error is not symmetric and, especially
at M ≥ 109−10 M starts to show a tail towards lower masses.
The second important aspect is that at higher redshifts the com-
bined PDFs are wider and the asymmetry is more pronounced
than at z = 4, due to a combination of larger photometric un-
certainties and progressive dimming of the galaxies for a given
stellar mass. Thus, this plot shows the relative enhancement of
the uncertainties in PDFs towards low-mass objects, indepen-
dent of the adopted method for the stellar mass derivation. We
finally note that the PDF(M|z) adopted by Ilbert et al. (2013) is
smaller than our own, at the same mass and redshift, and substan-
tially smaller than our own for faint galaxies. Given the higher
S/N and quality of our photometric data, this may likely reflect a
more conservative estimate of the implied errors in our compu-
tation, which have been derived adopting a diﬀerent technique
w.r.t. Ilbert et al. (2013).
Armed with this full characterization of the error on the
estimated mass, we can evaluate the impact of such errors
on the estimate of the (binned) GSMF. This is accomplished
by convolving any input GSMF with the error distribution of
Fig. B.1, at the corresponding redshift. For any given input
GSMF we compute its expected values Φ(Mj) in the same
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Fig. B.2. Eﬀect of diﬀerent prescription of the Eddington bias on the
observed GSMF. The black line shows a Schechter function represent-
ing a GSMF with α  −1.6 and M∗  11. The open blue squares show
the resulting GSMF in bins of 0.2 in log M after convolution with a
constant PDF at all masses, as adopted by Ilbert et al. (2013) at z = 4.
The green filled squares represent the GSMF after convolution with the
more realistic mass-dependent PDF that widens when mass decreases
as we find in CANDELS (Fig. B.1).
mass bins (with a step of 0.2 in log(M)) used to derive
the various PDF(M|z). The expected mass function in output
is Φconv(i) = ΣNj=1Φ( j)P(M j,Mi), where N is the number of bins
adopted to compute the PDF(M|z).
To illustrate the eﬀect of this procedure, and the diﬀerences
with respect to the previous analysis, we first take a representa-
tive input mass function (with α  −1.6 and M∗  11) and con-
volve it with the PDF of Ilbert et al. (2013) at z = 4, namely a
constant function at all masses. Figure B.2 shows the convolved
mass function (empty blue squares) resulting from the intrinsic
mass function (solid line) after applying the convolution pro-
cess described above. We obtain a behaviour for the convolved
GSMF similar to what has been found by Ilbert et al. (2013;
their Fig. A.2), namely that the low-mass side is unaﬀected by
the Eddington bias while the density at the high-mass end is en-
hanced.
Then, we consider an error distribution similar to that found
in CANDELS, i.e. with larger uncertainties at lower masses
(Fig. B.1). We adopt the same functional form of Ilbert et al.
(2013), namely the product of a Gaussian and a Lorentzian
distributions, but we let the σ of the Gaussian change as a
function of mass in order to coarsely reproduce the observed
PDFs at z = 4 (hence smaller than the Ilbert et al. (2013) one
at log(M/M) > 10.3 and larger at smaller masses). Figure B.2
shows with filled green squares the GSMF resulting from the
same intrinsic mass function (solid line) adopted in Fig. B.2 af-
ter the convolution process with a variable PDF in mass.
The combination of wider PDFs at lower masses and asym-
metric distributions has an interesting behaviour on the GSMF
shape: in the low-mass regime, M ≤ 109 M, the error is sym-
metric and contributes to a slight enhancement in the num-
ber density of galaxies at the low-mass end, typically fitted
with a power law. This results into a steepening of the GSMF.
Fig. B.3. Eﬀect of the Eddington bias on the observed GSMF at z = 6
(black dots). The black line shows a Schechter function representing
the resulting best fit GSMF at z = 6. The open blue squares show the
resulting GSMF after convolution with the observed PDFs at z = 6
(Fig. B.1, bottom panel).
According to Eddington (1913), the eﬀect is higher for steeper
distributions and for larger errors. At the high-mass side, instead,
the errors in mass are smaller and show an asymmetry towards
lower masses. As a consequence, the exponential tail of the mass
function is less aﬀected by this scatter, and the observed data
points are a good representation of the intrinsic GSMF, at least
at z = 4 for the CANDELS GOODS-South and UDS fields. This
behaviour is markedly diﬀerent from what is derived assuming
instead a constant error on PDF(M|z), even if the average error
is adopted.
Moving to higher redshift, we find that at z = 5 the situation
is similar to z = 4, while at z = 6 the eﬀect of noise in the mass
estimate becomes more severe and hence the correction for the
Eddington bias is larger and more uncertain, as shown in Fig. B.1
(lower panel). Figure B.3 shows the eﬀect of the Eddington bias
correction at z = 6. The wide uncertainties in mass, both for faint
and for bright objects, aﬀect the GSMF at all scales, producing
a steepening of the low-mass side and a pronounced increase of
the exponential tail at high masses.
For instance, we find that there is a small but non-negligible
probability (∼10−3) for a galaxy at z = 6 to be scattered from a
mass of 109.3 M to 1010.5 M, while it is ∼10−6 at z = 4.
At z  7 these eﬀects become so large that a proper treat-
ment of the Eddington bias is simply impossible with the present
data. For instance, the probability that the same galaxy at a mass
of 109.3 M is scattered to 1010.5 M is as large as ∼10−2. Thus
if we observe a density of galaxies of Φ = 10−5 Mpc−3 Mag−1
at M = 1010.5 M, this can be entirely due to galaxies at M =
109.3 M (with Φ = 10−3 Mpc−3 Mag−1) that are scattered to
higher masses due to uncertainties in their stellar mass estima-
tion. Since this correction is so important at the high-mass end of
the z > 6 GSMF and the derivation of the PDFs at such low lev-
els of probability depends critically on the details (photometric
redshifts, stellar libraries adopted, star formation histories, grid
of age, dust, metallicity), we can conclude that at the present
stage the Eddington bias correction at z = 7 is highly uncertain.
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Moreover, at z = 7 the PDFs are very noisy due also to the low
number statistics (at mass greater than 1010.3 M we have only
4 galaxies in the whole GOODS-South and UDS fields).
The derivation of the best-fitting Schechter functions have
been carried out using the formalism described above. For any
possible combination of the Schechter parametersα, M∗, andΦ∗,
we compute the convolved GSMF using the observed PDFs in
mass and we compare it with the observed mass function. We
scan the three parameters of the Schechter function to find the
best fit solution by a χ2 minimization. The GSMFs presented in
the main text have been computed accordingly.
We note that, for the reasons described above, we decided not
to apply the proper correction for the Eddington bias in the z = 7
GSMF. We adopt at z = 7 the same PDFs derived at z = 6,
which are less noisy, as a conservative assumption. The small
range in masses sampled by our GSMF at z = 7 results in large
uncertainties in the best fit Schechter function parameters due to
degeneracies between α, M∗, and Φ∗, as shown in Fig. 11. We
have verified that due to these degeneracies the parameter space
allowed at 1σ by the present data is wide and it does not depend
strongly on whether we adopt the PDFs at z = 6 or the ones
determined at z = 7 to correct the Eddington bias in the redshift
range 6.5 < z < 7.5.
Appendix C: The impact of neglecting to correct
for Eddington bias at high redshift
In Sect. 6 we have shown that the uncertainties in the measure-
ment of the galaxy stellar mass do produce a systematic eﬀect
in the output GSMF, that must be taken into account when one
derives the best-fitting Schechter parameters. However, we have
also shown that accurate corrections for this eﬀect are diﬃcult to
estimate, partly because they are model-dependent and partly be-
cause of the limited statistics available, especially at the highest
redshifts.
For the sake of completeness, we report here the results on
the GSMF fitting without the corrections for the Eddington bias.
This is useful to understand what are the uncertainties at work
when one is dealing with the mass function, and to warn the
reader about the consequences of neglecting or underestimating
this correction. We would like to stress that, given the very high
quality of the data used here, other surveys with data of lower
S/N or narrower wavelength range are even more aﬀected.
Following the technique described in the previous sections,
but removing any correction for the Eddington bias, we have
obtained the GSMF that is shown in Fig. C.1. The derived un-
certainties on the Schechter function parameters α, M∗ and Φ∗,
are also shown in Fig. C.2.
It is immediately clear that the results are significantly dif-
ferent from our main analysis. The slope α is steeper than our
best fit and further steepens with redshift moving from α = −1.8
at z = 4 to α  −2 at z = 6. The characteristic mass log(M∗), on
the contrary, evolves only marginally from z = 4 to z = 6. This is
exactly what is predicted by our analysis of the Eddington bias,
that is expected to artificially steepen the slope (at all redshifts)
and progressively increase the GSMF in our higher redshift bins.
Fig. C.1. GSMFs from z = 4 to z = 7 in the CANDELS UDS and
GOODS-South fields. At variance with the main paper, we have ne-
glected here the eﬀects of the uncertainties in the stellar mass (the so-
called Eddington bias). The error bars take into account the Poissonian
statistics and the uncertainties derived through the Monte Carlo sim-
ulations. The solid continuous curves show the best-fitting Schechter
function.
Table C.1. Mass function best fit parameters.
Redshift α log(M∗) log(Φ∗) Ngal
3.5 < z < 4.5 −1.77 ± 0.05 10.91 ± 0.14 −4.03 ± 0.17 1293
4.5 < z < 5.5 −1.90 ± 0.08 11.21 ± 0.36 −4.69 ± 0.44 370
5.5 < z < 6.5 −1.95 ± 0.20 10.56 ± 0.36 −4.28 ± 0.60 126
6.5 < z < 7.5 −2.54 ± 0.55 10.77 ± 1.29 −5.61 ± 2.13 20
Notes. The best-fit parameters of the Schechter function that has been
fitted to the observed GSMF, when the eﬀects of uncertainties in the
stellar mass (the so-called Eddington bias) are neglected.
Table C.2. Stellar mass density at 3.5 < z < 7.5.
Redshift log (ρM) Min log (ρM) Max log (ρM)
3.5 < z < 4.5 7.36 7.33 7.39
4.5 < z < 5.5 7.20 7.14 7.24
5.5 < z < 6.5 6.94 6.84 7.04
6.5 < z < 7.5 6.90 6.46 7.24
Notes. The stellar mass density log (ρM) is derived from the best fit
of the GSMF, neglecting the Eddington bias, and integrating it from
M = 108 M to M = 1013 M. A Salpeter IMF is assumed. The SMD ρM
is in units of MMpc−3. The minimum and maximum SMDs indicate
the 1σ range (i.e. the 68% confidence interval).
These changes are also reflected in the derived evolution of
the stellar mass density that is reported in Fig. C.3. As a result of
the steeper slope and higher M∗, the resulting ρM is significantly
above the integrated evolution of the star formation rate density.
These results underline the importance of a careful descrip-
tion of the Eddington bias in the estimate of the GSMF.
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Fig. C.2. Evolution of the three parameters (α, M∗, Φ∗) of the GSMF
with redshift, neglecting the eﬀect of the Eddington bias. The bottom-
right panel shows the dependencies of the Stellar Mass Density (ρM in
unit of MMpc−3) from the parameter α. The stars mark the position of
the best fit of the observed GSMF with a Schechter function, while the
triangles indicate the position of the best fit from the maximum likeli-
hood procedure.
Fig. C.3. Redshift evolution of the stellar mass density (SMD) at 3.5 <
z < 7.5 obtained in the CANDELS UDS and GOODS-South fields pre-
sented in this paper (black points), when the eﬀect of uncertainties in the
stellar mass (the so-called Eddington bias) are not taken into account.
The SMD is compared to the lower redshift data from diﬀerent surveys.
ρM is in units of MMpc−3 and has been obtained by integrating the
best fit mass functions from Mmin = 108 M to Mmax = 1013 M. All
the SMDs have been converted to a Salpeter IMF for comparison. The
error bars of the CANDELS data have been computed using the same
Monte Carlo simulations developed to derive the uncertainties on the
Schechter function parameters. The short-dashed line is the stellar mass
density obtained integrating over cosmic time the star formation rate
density (SFRD) of Hopkins & Beacom (2006). The long-dashed line is
the SMD from the SFRD of Reddy & Steidel (2009). The solid line is
the SMD obtained by integrating the SFRD of Behroozi et al. (2013),
while the dotted line is the SMD derived by integrating the new fit of the
Hopkins & Beacom (2006) carried out by Behroozi et al. (2013). The
dotted-dashed line shows the SMD derived from the SFRD given by
of Madau & Dickinson (2014). All the stellar mass densities obtained
by integrating the diﬀerent SFRDs assume a constant recycling fraction
of 28%.
A96, page 25 of 25
